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INTRODUCTION 
Factor analysis is a statistical technique which has been widely 

used, particularly in psychological research. Many methods of estimation -of 
factor loadings have been proposed, but the majority are of an approximate and 
non statistical nature and little is known of the properties of the estimates. 
By contrast, a statistically sound technique for the esti.maUon of factor loadings 
was first developed by Lawley (24), J.sfng the method of maximum likelihood. 
These estimates of factor loadings are theoreticaEy preferah:e to other estimates 
which have been proposed, as they are asymptot:icaHy effi.cient 2r:td there is a 
corresponding likelihood ratio test for assessing the fit of the factor analysis 
model. However, a great amount of computation Is involved in solving the 
maximum likelihood equations, and the ear Her computational procedures 
suggested have been known to break down in certain cases (29} 7 so that other 
methods for estimating factor loadings have been used in the majority of 
reported studies. 

The problem of estimating the minimum number of factors 
for which the factor analysis model fits the population under consideration has 
never been solved satisfactorily. A sequence of likelihood ratio tests may be 
used to provide an estimate of number of factors (3� 36), but little is known of 
the properties of this estimate apart from the fact that the probability of 
obtaining an overestimate of the number of factors is less than or equal to the 
significance level used. A vast amount of computation is involved, as the 
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lengthy maximum likelihood estimation procedure has to be repeated several 
times. In addition, many ru;�e of thumb procedures for determining the number 
of factors have been proposed 9 some of which have been examined in previous 
empirical studies (33, 39}, 

The object of this paper is to compare by artificial experiment, 
the effectiveness of some methods of factor analysis and procedures for 
estimating the number of factors o A descnptiorw. wi�;'. be grven of an investigation 
in which sample correlation matnces, generated from a pop•J.latior, satisfying 
the factor analysis mode1 9 were s01biected to various methods of factor analysis 
and procedures for estimating number of factors, The results wiH be evaluated, 
taking into consideration both the acc�i1racy of the estimates and the a.mount of 
computation involved. The qutck and effective method which was used for 
generating the sample correlation matrices w1L be described, 

There was no attempt in this st)dy to obtain acct:rate confidence 
limits for estimates of factor loadings as the amount of computation required 
would have been prohibitive ? and the results of limited value 9 being specific 
to the population parameters chosen and the identification conditions imposed 
on the sample factor matrices o However 9 a rough impression will be given of 
the variation which can occur in estimates of factor loadings. The effect on 
estimates, of increasing the sample size, and of increasing the number of 
variables while holding constant the number of factors 9 will be examined. 

A number of empirical studies on various aspects of factor 
analysis have been carried out (5 j 6 9 17 j 27, 30, 31, 32, 39 9 45, 47) but 
methods of factor analysis have not previously been compared by means of 
artificial experiments. 

Before/ .... 



3. 

Before proceeding further it will be convenient to describe the 

factor analysis model and review the methods of estimation of factor loadings 

and of number of factors which will be investigated. 

2. FACTOR ANALYSIS MODEL AND METHODS OF ESTIMATION 

2.1 ljQtation 

A matrix will be denoted by a capital letter and a vector by a 

small letter underlined. For example ? A (p x m) stands for a matrix 

with p rows and m columns and 2f. (p x 1) for a column vector with 

p elements. The transpose of a matrix or vector will be indicated 

by a prime. The identity matrix of order p will be represented by 

I (p) and the null vector with p elements by 2 (p x 1). A diagonal 

matrix with the i 
th 

diagonal element equal to a function f (x.) of 
1 

x
i
, i = 1, 2 ........ , will be denoted by D

f(x) 
while Diag (B) 

will stand for a diagonal matrix formed from the diagonal elements 

of a square matrix B. 

2. 2 Model 
Suppose that !. (p x 1) is a random vector distributed according 

to N(M. l:)' the multivariate normal distribution with 

mean vector µ (p x 1) and covariance matrix I: (p X p) 

Let P be the intercorrelation matrix between the variates 

x
i 

I I • I I • x
p 

so that 

P = Du_ I: 
T./au D �°ii 

We/ .... 



We postulate that it is possible to construct 9 artificially 1 m ( m < p) 
"factor variables'' z. , . " . . z distrihu1.ted according to 

1 m N (Q 1 (m x 1), I (m;L such that the matrix of partial correlations 
between pairs of the "observed variables II x ..... x 

9 after 
1 p eliminating the effect of the m factor variables is the identity 

matrix (19, 4). 

i.e. 

so that 

p ·�·· ¢� + D @ 

where <P (p x m) is the qfactor matrix" or matrix of 
correlations between the observed variables and the factor 
variables and 

The elements 

D = 0 

6 i It may be shown (10) that 

Dia g ( P ,c, i tr ' ) 

wi.U be referred to as the '\miq.11enesses''. 
(1 - o . \, , i' � kn h . th commonJLy own as t e 1 

"communality'; is equal to the square of the multiple correlation 
coefficient of the i th observed variable x. with the m factor 
variables z. . . . . . z 

1 m 
1 

The number, m, of factor variables is defined to be the smallest 

number of factor variables for which a factor matrix, 4> , 

satisfying equation(!) 1 can be constructed. The factor matrix, <I> 

will not be unique, as an equivalent solution to G) may be obtained by 
multi plying <I> on the right by any orthogonal matrix. 
Additional restrictions must be imposed on the factor matrix to 
eliminate this indeterminacy. 

Let/ . ... 



2.3 

Let y denote the vector of observed variables in standardised 

form. 

i.e. = D 1 (2£. = µ) ia 
y 

The relationship between the observed variables and factor 

variables may then be expressed (19) in the form 

where � (p x 1) is distributed according to N ( 2 (p x l I s D 

At this point it is important to disting-:i,ish between this factor 

analysis model and an alternative factor analysis model which may be 

expressed in the form of equation ® but where � is considered to be 

a vector of non-random quanUUes or parameters to be esEmated 

separately for each observatwn on y '., and not as a vector of random 

variables following a specified distribution (26, 44 9 20;" The second 

model will not be used for the present study" h1.t some artificial 

experiments based on this model have been carried out by Wold (45). 

In the following description of methods of factor analysis, sample 

estimates of 4> and D
0 obtained by any of the methods to be 

investigated, will be denoted by F and D respectively. The sample u 
product moment correlation matrix wiU be denoted by R and the number 

of cases in the sample by N. 

Methods of factor analysis 

2. 3.1 Maximum likelihood 

Three different approaches to the problem of obtaining 

estimates of the elements of the factor matrix 9 or 

"factor loadings'\ have yielded equivalent results. 

Lawley/ .... 



Lawley (24) used the method of maximum Ukelihood, 

and Rao (36) maximised the canonical correlation 

coefficient between observed variables and factor variables 

to derive estimates of factor loadings. Bargmann (4} 

and Howe (19) obtained estimates of factor loadings by 

maximising the determinant of the matrix of sample 

partial correlations between pairs of observed va1iab}es 

after eliminat1ng the effect of the factor va rfables 0 

Although apparently different, the equations derived from 

these three approaches are eq\1ivaLent, 

Different iteraEve computat:wna.1 procedJ.1es were 

proposed for so�sfEg these three eqm.\ aient sets of 

equations. In order to ensure a o.mque so:.utwn 9 

additional identification conditions" name\y that F I D
l/u F 

be diagonal, were included in the sets of maxirn-um Hkelihood 

and canonical factor equations. The maximum determinant 

computing procedure does not yield a unique solution, but 

this is no disadvantage, as the factor matrix obtained can be 

subjected to an orthogonal transformation resulting in a 

matrix which satisfies specified identification conditions, and 

thus is unique. Provided that the maximum likelihood 

equations have only one solution, the factor matrices yielded 

by Lawley's and by Rao vs computational procedures should 

be identical. The same matrix should result if the maximum 

determinant factor matrix ls transformed to satisfy the same 

identification conditions. 

Howe/., .. 



7 .  

Howe (19) found that the maximum determinant 

computational procedure converged more rapidly than Lawley' s  

method (25 ) . The canonical factor computing procedure was 

applied to a correlation matrix consisting of the first 

12 variables of the population correlation matrix given in 

Table 5. This computational procedure was found to 

converge far too slowly for use even on a computer the size 

of the I. B .  M. 7094, which was used for all computation in 

the present study. Furthermore , it was found that inaccuracies 

in the communalities obtained were very much greater than the 

tolerance limit for differences between communalities on 

successive iterations . 

The maximum determinant computational procedure 

(19, pp . 33 -40)  was used for the remainder of the study and 

was found to be satisfactory . 

The solution of the maximum determinant equations (4) 

(R - F F ' ) Dl/u F = F 

D = Diag (R- F F 1 } u 

will maximise the determinant of the partial correlation matrix 

R * = D 1/ (R - FF' ) Dl/ ru � © 
This determinant may be evaluated (4) using the relationship 

I I - F 'R� :  F I I D  I u 
-1  

The maximum of unity is  attained when R * is the identity 

matrix. 

The determinant I R* I was evaluated after each complete 

iteration of the maximum determinant computational procedure , 

and/ . . . .  



and the direction of the change in factor loadings from one 
iteration to the next was reversed whenever there was a 
decrease in this determinanL It was found that if this was 
not done ? cases occurred whe1:e the determinant continued 
decreasing so that the matrix obtained was not the maximum 
likelihood factor matrix , 

Iteration was conUn-;_Jed unt±I the maxim'1im dj fference 
between correspondtng �r:liquene sses s 

iterations was i.ess than 0 0001 , When the maximum 
determinant method was applied to the pop\;. � :=ttion cnrre : a tion 
matrix and this convergence limit was used s a} . resJlts were 
accurate to three dee1mal places C In order to avo�d 

inaocuracy due to ro:;.!1ding error tn the caicu.iat�,on of 
no estimate of uniq0Jeness was permitted to become ,jess 
than , 0004 , If 9 on any Hera Hon , a uniqueness became 
less than , 0004 and there was simultaneously a decrease in 
the determinant of the partial correlation matrix 9 

computation was terminated prematurely , and the factor 
matrix obtained on the previous iteration was used as the final 
solution , 

A likelihood ratio statistic for testing the null 
hypothesis that m factors are sufficient for equation (!) 
to hold against the alternative that more than m factors 
are required 7 was provided by Lawley (24) , This 
statistic may be expressed (1 9 }  in the form 

- k log e ® 

where/, 0 • •  



9 .  

where R * is defined in equation ©,  the factor matrix F 

being of order (p x m ) . The multiplier, given by Barnett (7 } , is 

k = N -
2p + l l  

6 

2m 

3 

This statistic is asymptotically distributed as Chi Square 

with ! ( (p - m )  2 - p - m ) degrees of freedom 

Lawley (25 ) gave the easily computed apprmc 1na tc on for 

the likelihood ratio statistic -

p j 
Am ;; k E E j=l i=l *2 r . .  lJ 

h * . h l . h . th d . th ' f w ere r . .  1s t e e ement m t e 1 row an J cor ,m.n o. lJ 

the partial correlation matrix R * . 
The following decision procedure using a seq\., enee of 

likelihood ratio tests may be used to obtain an esLmate of the 

number of factors (3, 36h-

The likelihood ratio test given in equation @ is appHed 

for O , 1 ,  2 . . . . factors consecutively until the nun hypothesis 

is not rejected at a specified significance level . The first 

value of m for which the null hypothesis is not rejected is 

taken as an estimate of the number of factors . This procedure 

will tend to underestimate the number of factors , the probability 

of an overestimate being obtained being less than or equa! to 

the significance level used . 

2. 3. 2 Initial approximation to the maximum likelihood solution . 
Weighted principal factors . 

When the population correlation matrix satisfies equation (D 

for a specified number of factors m ( m � p = 1) , the 

square / . . . .  



1 0 .  
square of the population multiple correlation coefficient (S o M o C o ) between the ith observed variable and the remaining (p - 1 )  observed variables is a lower bound to the population communality of the ith observed variable (1 0) . If the number of variables is increased while the number of factors is held constant the differences between popuJ ah.on S. M o G s  and population communalities are reduced (14> , The maximum Hkelihood estimate of the S "  lvL C 0 

2 r · 1 ·· · 1 ) ( .  1 '· l '  . 0 0 (1- . ,l+ j O • •  p - 1 11 ii - - r 

h ii · h · th d .  l 1 f R- l w ere r 1s t e 1 iagona e ement o i.8 often � sed as an approximation for communality (22 , 16 , 4 16) , ]n order 
to obtain an initial approximation to the factor matrix with which to initiate the maximum determinant computing procedure , the Rao form of the maximum likelihood equations with communalities replaced by S. M o C o s as suggested by Harris (16)  were used . 

Dl/ ,- (R - D ) D1:/ , = V D,t "u u vu  F = Dt/ V D1; 
iu I); 

® 

(i = 1 . . . .  p)  
£ .  ( i  = 1 . . . .  m )  are the m largest latent roots of D1; (R- D  )D1; 1 i,£ u ru V (p x m) is a matrix formed from the latent vectors of unit length corresponding to the ,l .  1 The Jacobi method (1 2) for obtaining latent roots and vectors of a matrix was used throughout this study o The Hkelihood ratio test statistic for number of factors may / .  o • •  



l L  

may be expressed as a function of the latent roots l 9 (36) 
1 but this test is not appropriate here as approximations are 

used for the communalities . Joreskog (20), making the 
assumption that 

o . = e ( 1 -J 2 1 i- 1 ,  . . .  (i .. l ) (i+l) 2 where / 
0 1 .. l ' ( '  l) 1- 0 • •  (1- ) I+ . . . p fth population S .  M .  C. and e 

) . . .  p (i = 1 9 p) 
denotes the 

is a constant 9 obta:.r.,.ed a 
test statistic which was similar in form to the Hkellhood rat:o 
statistic ,, but different degrees of freedom were given for the 
asymptotic chi square distribution. 

A (J) = =[N = 1/6(2p + 4m + 7 + L J.:/ 1ldg (£+l } = (p -m ,3og ( _/ _ 1li+l ) 1 m p-m -m+ 1 _ 1-m+ p-m The distribution given for this statistic was the chi square 
distribu.tion with i (p - m + 2) (p - m - 1 ) degrees of freedom. 
Joreskog justified the assumption about the relaUonshtp between 
population uniquenesses and S. M .  C. s on the grounds that this 
assumption will hold sufficiently closely for practical purposes 
when the ratio of number of factors to number of observed 
variables is small . He suggested that a sequence of these 
tests may be used to obtain an estimate of the number of 
factors if the number of observed variables is greater than 1 5 .  

Joreskog obtained estimates of factor loadings using the 
factor analysis model where factor scores are treated as 
parameters which vary from one individual to another . The 

columns / . . . .  



2 0 3 0 3 

2 . 3 . 4 

1 2 ,  
columns of the Joreskog factor matrix are proportional to 
the columns of the factor matrix obtained from equation ® 

No assumption about the nature of the factor scores was made 
in the derivation of the test statistic. 
Principal factors using S o M o C. s as approximations to the communalities 
The pdnc�pal factor method , or Hotelling 's method of 
prfncipaI components (1 8) applied to the correlation. matrix 
with dLagomt� eLements replaced by communality esUmates 
is the most popT!:o:lar method of factor analysis among ps:ycro >)g".sts 
and is generally used when an electronic computer is avaL: able 
(1 5 21 , 48; , In thls study , S .  M.  C. s were used as �n.' t ·a 
approximat10ns to the communalities. 
The equatwns are 
(R - D 0

1! V - V Dl . U' F = V D1� 
where 1/ 0 0  ::.-= rll 

(j) 

£1 (i = 1 . .  , m) are the m largest latent roots of (R - Du) 
V (p x m) is a matrix formed from the latent vectors 

of unit length which are associated with the l . .  
1 Thomson ts modification of the principal factor method 

Thomson (43) suggested iterating on the communalities obtained 
from the pdncipal factor method in order to improve the 
estimates , After a factor matrix F has been obtained from (7) 
a new estimate of the matrix D is obtained from u D = Diag (R - F F ' )  This/ , . , ,  



This estimate of D is substituted in CT) and the process u 

contirr-c._ed until an differences between the u . on successive l 

Iterations faH be1ow a specified limit . 

It can easily be shown that this procedure will result in 

a matrlx F for which the sum of squares of non diagonal 

elements of the residual matrix (R - F F  ') is a mJm,murr , 

In the population. , where all partial correlations between. 

variables after eliminating the effect of the factors a re 

specified to be zero , maximising the determinant of the 

part:a1 correlation matrix D 1/ (P - 41 � ' )  a D 1/ ,,7 
.; 0 

is eq']�ivaient to minimising the sum of squares of non d:agor:.al 

elements of the residual matrix (P - 4> 4> 1 ) • As the 

elements of R are consistent estimates of the corresponding 

elements of P ? Thomson ' s  solution and the maximum 

HkeHhood (maximum determinant) solution are asymptotically 

equivalent , 

There is no statistical test of significance for number 

of factors applicable to the principal factor estimates and rules 

of thumb are generaHy used for estimating the number of 

factors , Guttmann (13) proved that the number of latent 

roots greater than or equal to one of the population correlation 

matrix and the number of non negative latent roots of the 

population correlation matrix with diagonal elements 

replaced by So Mo C ,  s, are both lower bounds to the number of 

factors / ,, " o ,  



factors, the second being better than the first . Kaiser (21 ) 

uses the number of latent roots greater or equal to one of 
the sample correlation matrix as an estimate of the number 
of factors o 

Saunders (38) takes, at each iteration of Thomson vs 
method ; the number of positive latent roots greater than the 
absolute va��·d.e of the smallest latent root as a criter;:(r�·\ for 
the number of factors to be used for the following :.teranorL 

In this investigation , iteration of the principal factor 
method was continued until all differences between the 
communalities (1 - u . ) on successive iterations were less than , l '  . 0001 . When this procedure was applied to the populaUon 
correlation matrix 9 all factor loadings obtained were correct 
to at least three decimal places. Iteration was termi.nated 
before convergence of the communalities within the limit 
of . 0001 if any one of the communalities exceeded one . 
In this case the factor matrix from the previous iteration was 
taken as the final solution. 

The latent vectors obtained on each iteration of Thomson 's 
method were used to reduce the matrix (R - D ) for the next u iteration to near diagonal form, as described by Appel (1 ) .  

This decreased the number of iterations required for the 
Jacobi method for obtaining latent roots to converge, and 
halved computing time . 

2 . 3 .  5 / . . . .  



2 . 3 . 5 Centroid method 
Before the advent of electonic computers a great many factor 
analytic studies were carried out using Thurstone ' s  centroid 
method (42} which yields an easily computed approximation 
for the principal factor matrix. 

In the present investigation the highest correlation of 
each variable with the remaining variables was used as an 
approximation for its communality . This approximation is 
rough but it has been widely used . 

3 .  GENERATION OF SAMPLE CORRELATION MATRICES FROM A GIVEN P OPULATION 

3. 1 Procedure 
Samp].e correlation matrices from a given population could be 

obtained by generating samples of scores from a multivariate normal 
distribution which has the specified population correlation matrix (22) and 
calculating the correlation matrices in the usual manner .  A 
considerable amount of computation is involved, particularly if the 
samples are large 9 so that it is advisable to find a more economical 
procedure for generating the sample correlation matrices .  

The sample correlation matrix R (p x p) for a sample of size N 
from a population with correlation matrix 

p = D 1/ I Ojj satisfies / . . . .  



16 . 

satisfies the relationship 

where A is distributed according to W ( 1: ,  N - 1 ) , the 

@ 

Wishart distribution with population covariance matrix r and (N - 1 )  

degrees of  freedom (2). The sample covariance matrix is 1/N A. 

The population covariance matrix r may be taken to be equal 

to the population correlation matrix P without affecting the distribution 

of the sample correlation matrix R. 

Let n (p x p) be a matrix such that 

r = n n '  

In practice it is convenient to choose n to ,be a lower triangular 

matrix which may be obtained by means of the square root method (1 1 )  . 

Let C (p x p) be a random symmetric matrix distributed according 

to W (I , N- 1 ) so that 
N- 1 

C = r v· v ·  . 1 -1 - 1  
1= 

where yi (p x 1) is distributed according to N ( Q., I). 

Then 

where 

N- 1 
n c n' = n ( � � �i) n ' 

i=l 
N- 1 * * ' 

= 1: � 11i 
i=l 

v� is distributed according to N (0 , I: ) , o that -1 

n C r2 ' is distributed as W ( r , N- 1 ) (2) 

Thus the matrix A may be obtained from 

A =  n c  n '  @ 

Let/ . . . .  



17.  

Let T (p x p) be the lower triangular matrix with non negative 

diagonal elements which satisfies 

C = T T ' 

The density function of T is (37 p .  33 ;  35) 

p 
II 

1 -1 
f(T) = exp ( - 2 trace (I TT ' )) i=l 

p(N- 1)  _ p p(p- 1 )  N- 1 
2 2 n 4 1 1 1_2_ 

This reduces to 

p t . .  .1 L exp (-2 11) 
p 
II 

N- 1 - i  
t . .  11 

p II r (? ) i=l 

j - 1  [ (N- i ) -1  

II 
11 

. 1 N- i 1 1= 2 - r (  
N

2
i ) 

2 ] 
j=l i=l [ �  2 

- tl e 
! 

J 
so that the non zero elements of T are independently distributed ar.d 

t . .  lJ is distributed as N ( O , 1 )  ( i < j ; 

t . .  is distributed a s  Chi with N - i degrees o f  freedom . 
11 

t . .  lJ = 0 ( i > j ) 

@ 

Random matrices C distributed as W (I ? N - 1 )  may then be 

generated by using @ and @ . 
by Teichnoew (41 ) . 

An alternative method is given 

The sample correlation matrices may be computed from 

T *  = r2 T  

A = T *T * '  R = D� 
11 

This, method for obtaining a sample correlation matrix directly 

without the need for individual scores , reduces the number of random 

variables / . . . .  



1 8 .  

variables to be generated from (N x p) random norma l deviates to 

p (p - 1) /2 random normal deviates and p random variates from 

Chi distributions . In addition there is a considerab:�e reductwn lr 

the computation involved in calculating the correlation matrix ., 

A number of techniques exist for generating pseudo random 

numbers from a rectangular distribution (40} a�.d tra:n_st, , _'Tr, 

into the random normal deviates (34)  and the :raLdom :r:i , n, r:-,::, s Ll 1 In 

Chi distributions ( 41)  required for the matnx T ,  I 'o:, t r:.e ;1 '"" !:-' ,=:.: 1 

study pseudo random numbers �j from the rectar,.gu\ax ct1 _;;:t � ib : , __ on 

were obtained (40) from the multiplicative congr-;JeEUal gEne:� f-1-tor 

1 3  35 
CL • 1 = 5 a. . (mod 2 ) J+ J I 

Pseudo random normal deviates were obtah:.ed ,(9:: f-:roni me 

transformations 

e k  = 

s k  = 

1 

( - 2  log a, ) 2 

e J 
1 

( - 2 log a. · ) 2 

e J 

Cos 2 n a. j+l 

Sin 2 TI  a'j+l 

and pseudo random numbers X. (f) from a chi distribution with 1 

f degrees of freedom (9) were obtained from 
f 1 

X • (2f) = (- 2 1: log a . ) 2 
1 j=l e J 

X 1. (2f+l ) = (- 2 f log CL .  + S k2 ) } 

j=l e J 
3 .  2 Tests on distributions of random matrices 

A series of tests was carried out on the random matrices C 9 

generated from W (I :1 N - 1 )  by the method described above. 

It is difficult to test directly the goodness of fit of the 

distribution of a series of observations on several variates to a 

theoretical / . . . .  
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theoretical multivariate distribution . BecwJse of this , the fit of 

the distribution of the elements the matrices C to the Wishart 

distribution was tested indirectly . ThJls was acc,omp:, fshed by 

testing the goodness of fit of the distributions of three different 

functions of the elements of C to the theoretical univariate 

distributions of these functions ass:;�m�ng a Wi sha rt d1 Mr' ly; �-:�c-T- fo r C .  

The three functions used were the foi-�ow:1-:·.g threE> :�£ ke.'..:j")o,•d rn : JJ 

statistics for testing different hypotheses abo�1t the f;y�m cf thf; 

population covariance matrix, given a random ma1 r.x from ;J 

Wishart distribution . 

a .  Identity Statistic 

This is the likelihood ratio test statistic for tesHng whethe r C 

is a sample matrix from a population. with cova r1.ar::ce matrix I ;  

or, equivalently , whether A i s  a samp� e  matnx from -1 

population with covariance matrix L f 8 � 2} " 

't = 

= 

where 

- k (log l e  I 1 e p log N + p - 1/N trace C )  
e 

p p j 2 - k (2 .E 1log L -p log N+p- lflN· T. 1 l: t· 0 1 1 1= e 11 e J= i=l lJ · 

= [N - 1/6 ( 2p+7 - 2 ;] 
p+l 

The exact distribution of 1r under the mdl h,rpothesis is not 
1 ¥ 

known , but, if N is large, \ j is approximately distrib"'.1ted as 

chi square with p(p+l ) 
2 

degrees of freedom 

P rob ( Tl 
* 2 

� r1 ) = Prob (�[ 

where / . . . .  
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where 

b. Sphericity Statistic 

This is the likelihood ratio statistic for te eh-:'.g w:-.:E;t hf:'· t 1_ 

a sample matrix from a popufatfon with covar 1�c mr e mst r ;x 

where o is a constant ? or ,. eqdvaient;,y whether A - s a 

f?. 

T 

sample matrix from a populatio:..-�. wffn c oYarfa.:nce rrHi tex (2, , 

where 

( 1 - 2p + p + 2
) 

6p (N-

A good approximation to the cumuiative d+�strUr ,· t  _ ,OE Lmctfon 

of T2 is given (2) by the chi square series 

Prob ( -r2 � 1:;) � Prob (Xf
2 

� "/ ) 
2 2 

+ lp + 2Hp - 1) lp - 2) £2p 3 
+ 60

2 
+ 3p+2) 

288 2 k 2 p 2 
where 

p(p + 1) f
2 

= 
2 

- 1 

c .  Independence Statistic 

This is the likelihood ratio statistic for testing whether C is a 

sample matrix from a population with a diagonaI co-variance matrix (2) . 



t' = 
3 

where 

- k  3 

= 

2L 

N - 2p + 11 
6 

p 
- E log C ,  .] 

i=l e n 

A good approximation to the cumulative distrib�;,tfon function 

of -r
3 is given (2) by 

Prob ( T3 ,:: ,;  ) ;, Prob ( X:
3 

< ; 

+ _P (_P_-_1_) 

288  k� 
(2p 2 - 2p - 13) [P rob ( x

f
2 

3+4 
2 

= Prob i' X 
< f3 � "{ ) 

3 

where 

p (p - 1) f3 = 
2 

The null hypothesis about the form of the popuJatfon rovaLrn:we 

matrix is most stringent for the identUy test. 1 Iess  stringer.t for the 

sphericity test and least stringent for the independence test , P r ovided 

that the random matrices C are distributed acc:ordm.g to the Wishart 

distribution with identity population covariance matrix ? all three test 

statistic s  should follow the specified distributions ,  

Three tests of goodness of fit were applied to each series of values 

of a statistic . Firstly , the values of the statistic were grouped into 10 

classes with equal expected frequencies ,, and the fit of observed 

frequencies to expected frequencies tested by means of the chi square 

goodness of fit test (23) . 

The second test which was used is sensitive to deviations in the 

lower tail of the distribution , Let T (j) denote the value of the 

statistic under consideration for the i th random matrix of a serie s  of s 

random /,  o • •  
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random matrices. The test statistic is 

- 2 i 1log rProb( 
1= e �  

If the 'll" 
(i) are independently distributed according to the 

hypothesised distribution, the values Prob ( �� �f 
will have a rectangular distribution and 11 wiH be distributed as 
Chi Square with 2s degrees of freedom , 

The cumulative distribution furwtion.s of the � �.keHhood -: &t. o  
statistics were evaluated using the approximaUoc1s g1.ve:c above , 
Subroutines prepared by S .  P .  Ghosh for the E .  B .  NL Stat:.sCuJ 
Computer Language were used to evalu_ate the necessary ch1 sq"i�are 
cumulative distribution fu:G.ctions. 

The third test statistic 
tv"e 2 E l  13 = -

i=l oge [ 1 =, Prob 
will also have a Chi Square distribv.Uon with 2s degre€s of freedom 
if the 't 

(i) have the hypothesised distribution, but wiH be sensitive to 
deviations in the upper tail of the distribution . 

Three sets of pseudo random Wishart matrices with different 
values of the parameters N and p were generated and tested . 
The first set consisted of 100 matrices with N = 100 and p = 16 1 

the second of 100 matrices with N = 15 and p = 4 
9 

and the third of 
50  matrices with N = 1500  and p = 16. Each test of fit was applied 
to the set of complete p x p matrices ? and to each set of the square 
submatrices of order p - 1 ,  p - 2 . . . . ? 3 9 2 formed by deleting 
rows and columns from the end of the matrix . 

The/ . . . . .  



The results of the tests of fit are given in Tables L 2 and 3 , 

These results are generally satisfactory O The few significant 

values may be attributed to chance as in most cases they occur for only 

one of the tests of fit on one of the likelihood ratio statistics 9 and are 

not corroborated by other results for the same set of matrices , We 

may then conclude that the pseudo ra ndom Wishart matrix generator 

is satisfactory, and that the approximations • .. sed for the c :m·,.�3 .. ; : e  

distribution functions of the likelihood rat10 statisti.cs are dose 

enough for practical purposes 0 



TABLE 1 Goodness of Fit Tests Applied to Identity , Sphericity and Independence Statistics for 1 00 Random Matrices from W {I, 1 00- 1 )  

Order of  Submatrix Chi Square Goodness  of Fit Test Distributed as tS;2 with 9 d , L Identity Statistic Sphericity Statistic Independence Statistic - 2 1: log [Prob �1 � -r (i ) D Distributed as x with 200 d ,  f ,  Identity Statistic Sphericity Statistic Independence Statistic - 2  E log [1 - Prob ( 1 � -r (i) )j Distributed as x 2 with 200 d,  f .  Identity Statistic Sphericity Statistic Independence Statistic 

2 

7 , 6 

6 , 4 

4 , 2 

193  

193  

1 72 

194 

199 

223 * Significant at 5 % level 

3 

5 , 8 

8 , 6 

6 , 0 

202 

205 

1 81 

205 

21 0 

238 

4 5 6 7 

6 A  7 A  1 0 , 0 19 , 4 ;11' 

14 , 8 7 , 0  1 0 , 8 8 , 8 

1 2 , 6 9 , 2 5 , 8 9 , 2 

204 1 83 1'7 6  l 8 B  

205 1 85 1 80 1 9 3  

1 94 1 79 1 7 6  192 

1 85 1 88 1 9 6  1 92  

1 86 1 87 1 9 6  1 9 0  

206 204 21 7 206 

8 9 1 0  1 1  1 2  1 3  14 

1 2 A  l L  8 3 , 4 S A  5 , 2 1 0 , 8 1 2 , 2 

4 , 8 7 , 0 7 A  14 , 8 5 , 2 1 4 , 8 8 , 2 

5 , 0 4 , 0 6 , 8 6 A  6 , 8 1 2 , 2 7 , 4 

I 

1 7 9  1 89 1 9 6  204 21 2 211 21 0  

1 85 . 1 95  200  207 21 7 21 6 21 6  

1 88 202 200 207 21 8 21 6 21 7 

201 204 201 203  1 88 1 87 1 80 

1 9 7 I 200  I 1 9� 201 1 86 1 84 1 7 7  

21 0 21 0 1 94 1 9 0  1 82 \ 21 0 I 21 1 
L-

1 5  

7 , 6 1L 6 
5 , 6 

201 

206 

209 

183  

1 78  

1 83 

1 6  

l L  0 
6 , 2 

8 A  

201 

207 

204 

1 89 

1 84 

1 83 

l:\j � 



TABLE 2 Goodness of Fit Tests Applied to Identity, Sphericity 
and Independence Statistics for 100 Random Matrices 
from W a, 15-1} 

Order of Sllbmatrix 

Chi Square Goodness of Fit Test 
Distributed as X 2 with 9 d. f. 

Identity statistic 

Sphericity Statistic 

Independence Statistic 

-2  I log [ Prob ft � T  (i) ) ] 
Distributed as x 2 with 200 d. f. 

Identity Statistic 

Sphericity Statistic 

Independence Statistic 

-� t log [ 1- Prob ( 1 � '!' (i' tl 
Distributed 3§ X 2 with 200 d. f. 

Identity statistic 

Sphericity Statistic 

independence Statistic 

* Significant at 5% level 

2 

11 . 6  

9A 

12 . 2 

174 

204 

203 

206 

198 

193 

3 4 

4o 2 20 . 8* 

4 ., 8 6 � 6 

7 . 6 4 . 4 

209 189 

205 195 

215 204 

177 183 

176 177 

174 1 57 

N) 
C11 



TABLE 3 Goodness of Fit Tests Applied to Identity. Sphericity and Independence Statistics for 50  Random Matrices from W (I, 1 500- 1 )  

Order of  Submatrix 2 3 4 5 

Chi Square Goodness of Fit Test Distributed as x 2 with 9 d .  f .  Identity Statistic Sphericity Statistic Independence Statistic 
- 2 E log [ Prob ( T � T (i) >] Distributed as X 2 with 1 00 d. f .  Identity Statistic Sphericity Statistic Independence Statistic 
- 2  l: log [ 1 - Prob ( T  � ,.  {i) J Distributed as X 2 with 1 00 d .  L Identity Statistic Sphericity Statistic Independence Statistic 

9 . 2 6 . 8 5 . 6 9 . 6 

14 . 8 1 0 . 4 1 0 . 4 9 . 2 

1 .  2 16 . 8 8 . 0 4 . 0 

81  81 1 0 3  99  

88  74  1 05 99 

95 102  1 25 *  1 1 0  

1 0 2  1 00 91 1 01 

96  9 6  8 2  9 5  

96  99  84 1 00 

* Significant at 5% level 
** Significant at 1 % level 

6 7 

8 , 0 5 . 6 

6 . 4 5 . 2 

6 . 4 7 . 2 

99  1 04 

99  1 01 
1 05 1 14  

I 1 09 115 

1 04 11 3 

I 1 0s 1 0 7  

8 9 1 0  1 1  1 2  1 3  

5 . 2 6 . 0 7 . 6 1 0 . 4 7 , 6 1 3 . 2 

5 . 2 6 . 8 4 . 8 8 . 4 5 . 6 1 2 . 8 

5 . 6 3 . 2 5 . 2 1 7 . 6 *  24 . 0*  1 6 . 8 

98  1 02 94 90  1 04 1 1 1  94 97 9 2  89 1 04 1 1 1  

1 1 2  1 08 102  98  1 1 3  122  

1 09 1 04 1 02 
I 

1 07 99  90 
I 

98  88  1 ()9 1 04 :Hl 2 i 106  
I 94 9 2  i 92  94 89 83  

___ i .. __ __ i . . 

14  15  

1 5 . 6 1 3 . 6 

1 7 . 6 *  1 2 . 4 

1 8 . 4 *  1 6 . 4 

1 09 1 1 3  

1 09 115  

1 20 1 26*  

87 79 85 77 

80 72 

1 6  

1 0 . 4 

1 0 . 0 

1 6 A  

1 21 

1 23 1 31 *  

74 7 3  
68 

N) 
O':) 



4 0  EXPE RIME NTAL PROCE DURE 

4 ,  1 Data 

Three sets of sample correlation matrices were generated frum a 

population correlation matrix satisfying the factor anaiy sis mode�. w1Jh 

four factors O The first set consisted of 20 corretatJon matrices of order 

12 for samples of 1 00 cases , Fm:..r factors were extn: d t�d h 

these sample correration matrices , 01,sing each method of fa c 1 1 , · , · t� 

described in Chapter 2 J_n tnn " Each proced"I t: for t:; EF ' In,� · - g 

was appH edo The estimates prf fvided by the dHfe:r e:0-1 rn,: l1 "• " q  .e .. 

were then compared with the pop"'1fatfon parameters a =(id the1,r :: r. · :-: ., ,· -� 

evaluated , The second set consisted of 1 0  of the sam.pj� cou e _:-.,t H· .'. 

matrices from the first set with four variab�es a dded a nd the th rd set 

consisted of 10 sample correlation matrices with samp _e R ize oi 1 5 1)0 

and 12 variables , The weighted principaI factor and maxim,; rn ' k€:' : hood 

estimates of factor loadings were obtained for each matrix from the second 

and third sets " These estimates were compared with the correspondmg 

estimates obtained from the first set in order to demonstrate the effem 

on the estimates of increasing the number of variabies whEe ho: ding constant 

the number of factors 9 and the effect of increasing sample size, 

The population factor matrix in simple structure form (42y 1s given 

in Table 4 ,  and the population correlation matrix� computed ]J.sing 

equation ® , is given in Table 5 ,  The first 12  variables only were used 

for the first and third sets of sample matrices while aU 1 6  vanabies were 

used for the second seL 

If / o c  



If any row of the pop;:11.at10n factor matrix is deleted , there remain two disjoint submatr,�ces of rank 4 for the pop .:J.lation comm:ma Htrns to be ·,0.nique (3y , and is sati.sfied when the first 1 2  variables only a.re '.1�sed as weH as for a!1 1 6  variabtes c  The popufation commtiriaLr.t1es were chosen so as to cover a wtde range fr:: order to emph;j.sfze the dHfE;rence betwea:c. the max im1;m likelihood sohJ.tion wlnch mi:t�."'m i.ses a L;ncnon o f  ta.e r.u)c d; .a � o 1.-, eiements of the matf �x D1 ,, m n F F · ··· D, ; ,_.__ '.  .· A//� 

' } the u.niq·:,.enesses a :re used as weight s ar,,d Thome.or., ·· � sm•.ll : rv w: ' "' minimises a ftmct:orll of the non di . .;.go:cci�. e �emen.tr; ut lhe \· LWC i::-:, ; matrix ( R  -° F F  The Wishart matr tces wb:i:ch were ·1..sed fo:t I o.c st '.'. .. cE.t: .. g r : · ,.· :- : .  P ,_, correlation matdces we:ce se�.ected from the man fces ohi :::t }c,i: cl ,, · testing the generation procedu:Te as descr foed fr:. the f} I i-rdao· , S ft: J Pt •.:: ::: In an attempt to simulate the distrtbuUoE of the corre r ation rn3 U  ix as closely as possible while using a smail sample of correlation matrices ,  the Wishart matrices used were selected such that the values of the cumulative distribution function of the identity statistic for the 1 2  x 1 2  submatrix were more o r  less  evenly spaced over the interval from O to 1 0  The values of the cumulative distribution functions of the iden.Ety , sphericity and independence statisttcs  for the selected matri.ces with sample size of 100  and 1 2  varfab1€ s ) and the matr� ces with sampie sue of l 9 500 and 12 variables 5 a re gtven in Tables 6 and 7 respecHve�y , The sample correlation matrices of order 1 2  and wHh sampte size of 1 00 are given in Appendix A o  
/ 0 0 0 Cl 



TABLE 4 Population Factor Matrix 

� Variable I II III IV Communality 

1 . 0 . 80 . 51 . 0 . 9001 

2 . 0  . 70 . 0  . 60 . 8500 

3 . 7 6 . 0  . 0 . 48 . 8080 

4 . 0 . 0  . 84 .JL . 7056  

5 . 7 8 .JL .JL .JL . 60 84 

6 . 71  . 0  . 0  . 0  . 5041 

7 . 0  . 0  . 0  . 64 . 4096  

8 . 40 . 0  . 0  . 38 . 3044 

9 . 0 . 45 .JL .JL . 2025 

1 0  . 0  . 0 . 39 . 0 . 1 521 

1 1  . 0  . 0 . 35 . 0  . 1 225 

1 2  . 0  . 32 . 0  . 0 . 1 024 - --- -- - -- -- - ---- -- --- · - - -- - - -- ---- - ------ - - - - - - - - - - - - -
1 3  . 70 . 0  . 0 . 0  . 4900 

14  . 0  . 70 . 0 . 0  . 4900 

15  . 0  . 0 . 70 . 0  . 4900 

1 6  . 0 . 0 . 0  . 70 . 4900 



1 2 
3 

5 
d3 

8 9 
1 0  

1 1  

1 2  
==> _, _ _ _ _  

1 3  

14  

1 5 

1 6  
� .  

I 

1 

L O  

.r, -, cn - =  

2 

0 5 600  

L O  

I 

i- = - ..::.  - """' - -

I 

TABLE 5 

3 4 5 6 

o O  , 4284 , 0  , 0  

0 2880  o O  , 0  , 0  

L O  , 0  , 5928 C 5 396  

L O  , 0  0 0 
L O  0 5538 

1 0 

� � -,- - � _, ..,,, _  <=' � =  _,, _..,  <= .... _,, -- -- _.... -,., .-=  - -- ..., =-' - '"°"" - - -

Population Correlati on Matrix 
7 

o O  

0 3840 

C 3072 

, 0  

, 0  

, 0  

L O  

_, _ _ _  _,, -=--· -

I 

8 
c o  
0 2280 

, 4864 

o O  

0 31 20 

0 2840 

. 2432 

L O  

"" ' "'" '  _., .  =, , -, c , 

9 

. 3600 

31 50  

. o  
, 0  

0 0 
0 

0 

. () 

l 0 

..._., � ---, c-� _, -�-- __ , 

--,----

1 0  I 1 1  

1 9 89 1 , 1 7 85 

. 0 I , 0  0 , 0  

C 3276  0 2940 

, 0  0 () 

f\ 
0 • .• , , 0  

0 n 
, 0  , 0  

, 0  o O  

L O  0 1 365 

:L 0 

- - - - - - - r - - - - - -

1 2  ' I  
I 

, 2s60 I 
I 

0 2240 . 

, 0  I 

0 0 i 

o O  
i 
I 

0 I 

I) I 
4 

, 0  I 
I 
I , 1440 ! 

. 0  I 

0 0  I 

1 O I �- � - � � , 
I 

I 
I 

I 
I 

l --L- --··---·� ' . . ... I 

1 3  14  

, 0  , 5 600  

, 0  , 4900  

) 5 320 , 0  

0 () , 0  

0 5 460 , 0  

, 49 70  , 0  

, 0  0 () 

, 2 800 , 0  0 31 5 0  

, 0  o O  
, 0  , 0  

o O  2240 
--=- _. _, _, _,, "'...,. ... r-·_ =· _, _, ,c-- , --

L O  . 0  

l 0 

I 

15  

0 3570 

, 0  

, 0  

, 5 880 

o O  

, 0  

, 0  

0 

, 0  

. 2730 

, 2450 

, 0  
=� _. .,.,, _ __ _ _  

, 0  ,, 0 
L O  

1 6  

, 0  

, 4200 

0 3360 

. 0 

0 0 
. 0  
, 4480 

0 2660 

, 0  

. o  
. o  
o O  

- r;--- .,.. ,  � =� 

0 0 

. 0  

o O  

1 , 0 __ ,.""'-... _____ ___._� --_., _ _  

C..;) 
0 
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4.  2 Measures of accuracy of estimated factor matrices 

A reasonable measure of the accuracy of an estimate 1 of a 

population parameter f , is the square of the difference between the 

estimate and the parameter . The expected value of this quantity is 

the mean square error which is equal to the variance of the estimator 

plus the square of its bias (23; , When the estimator has been applied 

to a number of random samples from the same population 1 the average 

value of the squared differences is an estimate of the mean square error 

and could be used as a criterion for comparing estimators . 

When comparing methods of factor analysis , it : s  more convenient 

to have a single measure of the accuracy of a matrix of estimates of 

factor loadings � than to have a separate measure of accuracy for each 

loading . The magnit�Jcde of this meas,_;�re should not be inEl:·enced by the 

arbitrary restrictions imposed on the factor matrix to elim�nate 

indeterminacy due to rotation . (See Section 4 .  3} 

Two different measures of the accuracy of the estimated factor 

matrices were used in the present study . The first measure was 

p i 
c l 

= t L b . .  
i=l j=l lJ 

where 

B = ( � � ' - F F ' ) 

The magnitude of this quantity is not affected by orthogonal rotation 

either of the population factor matrix iP ? or of the sample factor 

matrix F .  

The / . . . .  



TABLE 6 

Matrix 
Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 0  

1 1  

1 2  

1 3  

1 4  

1 5  

1 6  

1 7  

1 8  

1 9  

20 

Values of the cumulative distribution functions 
of the likelihood ratio statistics 

Set 1 ( N = 1 00 p = 1 2  ) 

Identity Sphericity 

0 05 0 03 

,. 1 0  0 09 

0 1 6 0 1 6 

0 20 0 21 

0 24 0 27 

0 29 0 28 

0 37 AO 

. 40 0 38 

. 45 0 47 

0 50 . 52 

, 55 . 45 

, 59 0 55 

0 66 0 66 

0 70 0 71  

0 7 3 0 75 

0 81 , 83 

0 85 0 79 

0 89 0 90 

0 96 . 96 

. 99 0 99 

Independence 

0 04 v 
0 06 I 
, 1 5 � 

i 
0 39 a 

0 1 3 I 
0 24 I 
, 41 

0 47 

. 57 

. 48 

0 33 

" 55 

0 6 3 

0 88  

. 80  

. 78 

0 88  

0 96 

0 62 

. 99 

L o  Ro test 
for 4 factors 

. 1 1 

0 56 

0 24 

,, 28 

, 49 

0 26 

, 1 5 

0 71 

. 7 3 

0 68  

0 1 8 

. 66 

. 59 

. 94 

. 91 

. 7 6 

0 65 

. 87 

. 46 

. 63 



TABLE 7 

Matrix 
Number Identity 

1 , 04 

2 . 1 6 3 . 25 

4 . 34 
5 . 46 

6 . 52 

7 , 65 

8 . 7 6  

9 , 84 

1 0  . 96 

Values of the cumulative distribution fur�ctions 
of likelihood ratio statistic s 

Set 3 ( N = 1500 p = 1 2  ) 

Sphericity Independence , 0 3 . 00 

. 1 7 32 
0 26 0 28 , 35 0 24 . 47 , 57 

. 54 0 24 

. 65 . 69 

. 7 7 . 65 

. 84 0 68  

. 95 0 87 

L.  R .  test 
for 4 factors 

0 00 

. 60 

0 07  

'• 28 

0 75 

0 60 

. 1 8 

. 75 

. 80  

. 47 
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The second measure -used was the minimum possible vak:"e of the sum of squares of differences between elements of the simple structure population factor matrix , and the corresponding elements of an oblique rotation of the sample factor matrix . L e o c 2 = trace ( <I> = FA) ( 4) � FA ) ' where A (m + mJ  is an oblique transformation matrix chosen so as to minimise c2 , The transformaUon matrix A may be obtained by solving the following equations for //\ and the diagonal matpx D B 1 33 
Diag F �<I> F V F A = j\ D 

( 1\ ' A ) I 
The computational procedure used for solving these eqv:at_:tons is given in Appendix C. The use of an obHque transformation implies that the resultmg factor variables are correlated over the sample 9 aHho\tgh these factor variables are uncorrelated over the population o This is justified if the non zero sample correlations between factors are regarded as due to random sampling fluctuation o For both measures of accuracy j a value of zero implies perfect agreeme�t between the population factor matrix and the sample factor matrix , 

4 ,  3 Identification of sample factor loadings In order to make possible a comparison of the distributions of individual factor loadings obtained by different methods 9 an sample 
factor / . , , ,  



factor matrices were rotated orthogonally to a common form with six 
zero elements determining the factors uniq:wly , The zero sample factor 
loadings correspond to the zero population factor loadings which are 
underlined m Table 4 ,  A triangular matrix may be constructed by 
selecting rows 5 ,  9 9 4 "· and 7 "  of a factor matrix in thics form ., 

The following procedure was ased to transform the original factor 
matrix to the required form . 
1 )  The rows of the originat factor matn.x P· were rearranged Jn  the 
and the square matrix (G� Uit ' ); was compi:.iJed 
2) The square root method of tr�ang";,.�atmg a. matrix (1 1 '  was app .i.ed 
to (G*G* � }; to obtain a matrix G (1 2  x {., with 6 zero element s 
L e , g "  = 0 

lJ (j > l j 

3) The rows of G were rearranged to form the factor matrix F with 
zero elements in the specified positions , 

The mean � standard deviation and range of estimates of each factor 
loading were computed for each of the methods of factor analysis , 
These values are specific to the identification condiUons used . 
A different choice of zero elements for the sample factor matrices 
would have resulted in different distributions for the estimated factor 
loadings , 

4 ,  RE SULTS / , , , ,  



4 .  RE SULTS 
4. 1 Accuracy of estimated factor matrwes 

Col. ;,mns 2 to 6 of Tab !: e  8 and Tab�e 9 give the values of the two 
measures of accuracy of every estmated fa ctor matrix based on each sample 
correlation matrix in Set 1 (N ,·� 1 0 0 "  p .=· 1 2 :/ , When the pop,.1lation 
correlation matrix was factored J both the max1m,.;1m llkeEhood S02':t10n 
and Thom�o::1 :s so� 1t�OV.L we1e exact ar:.d hci d zer •) es Ito ttu. �·-:. d �- ,  m2 
places} for bott. meas ,.,.res ·='J ,Jcc·)racy o The three other methodt• fcH.. tor 
analysis provided approximate soJ:uttons wner. appL1ed to the p1)p . auo r ,. 
correlation matr:.x " When the samp�e c cn e �c, Lon matnces Wi�. n::: fa £.torf:d ,  
no single method con.sisten.Ly provided thf- most a.ccu ate r eff ,  t ior  e ',, e ;.  y 
sample . Each metnod .v-rn ::aded the most accurate estimate of rte fa · to-r matrix 
for at least one of the twent) samp�es b �:.J the max1.m ,::m ',11k12 , : r. (,,od m.'::: thod 
was the most accurate for more samp .es tban any of tbe othE; I· methods . 

Using the mean of the twenty "\a!lues of the first measure of 
accuracy for each method as criter10n 1, the methods of factor analysis may be 
ranked in the following order : -
1 )  Maxim um likelihood solution . 
2) Thomson 's solution " 
3) Principal factor solution with S ,  M o C ,  s as approximaHons for communalities . 
4) Weighted principal factor solution " (Solution to canonicaI factor equations 

with communaHUes rep1aced by S ,  M o C o s (1 6) }  
5 )  Centroid soiution o 
The ranking obtained when usmg means of the second measure of accuracy as 
criterion was similar , except that the positions of the principal factor solution 

and / u  O O O 



TAB LE 8 

Ma:hod Maximum 
Likelihood 

Popu 
lation . 000 

1 . 466 

2 . 327 

3 . 617 

4 . 686 

5 . 600 

6 . 7 20 

7 . 988 

8 . 524 

9 . 477 

10 . 826 

11 . 604 

12 . 653 

13 . 770 

14 . 594 

15 . 77 0  

16 . 724 

17 . 816 

18 . 869 

19 1. 622 

20 . 829 

Mean . 724 

37 . 

Values of Accuracy Measure 1 

Sets 1 and 2. N = 100 m = 4 

12 / 12 Variables 

Thomson's Principal Weighted 
Method F.lS. M C. )  P. F.lS. MC. )  

. 000 . 162 . 187 

. 408 . 562 . 602 

. 404 . 401 . 419 

. 561 . 627 . 656 

. 658 . 695 . 7 29 

. 602 . 657 . 661 

. 750 . 70 8  . 6 9 6  

. 997 1. 009 1. 038 

. 554 . 605 . 620 

. 717 . 648 . 604 

. 982 . 926 . 933 

. 456 . 571 . 577 

. 702 . 714 . 740 

. 769 . . 847 . 848 

. 731 . 751 . 734 

. 803 . 815 . 836 

. 762 . 802 . 789  

1. 017 . 926 . 871 

. 946 1. 089 1. 107 

. 945 . 8 69 . 899 

1. 008 . 870 . 852 

. 739 . 754 . 761 

Centroid 

. 257 

. 99 8  

. 553 

. 917 

. 805 

1. 137 

1. 047 

1 . 304 

. 877 

. 837 

1. 157 

. 730 

. 992  

1 .  025 

. 994 

1 . 094 

1. 318 

1 . 157 

1. 601 

1. 222 

. 66 6  

1. 0 2 2  

1 2  / 16 Variables 

Maximum Weighted 
Likelihood P. F.lS.M C. )  

. 000 . 070 

. 469 . 522 

. 549 . 632 

. 377 . 401 

. 824 . 833 

. 377 . 434 

. 444 . 480 

. 742 . 753 

. 644 . 719 

. 680 . 686 

. 715 . 739 

. 582 . 620 



� 
MaximJ.rn Like:'., �hood 

Popu� 
l at.ion u 000 

1 , 1 74 

2 . 20fi 
3 0 258 
4 , 263  5 , 1 52 

6 A38 

7 0 233 8 0 262  
0 307 1 0  . 1 92  

11  u 264 1 2  0 276  13  0 335 14 , 242 1 5  0 303 
1 6  0 321 
1 7  0 300 
1 8  0 524 
1 9  0 869 20 0 388 

Average I 0 31 5 

Set 1 

Vah1es of Accaracy Meas  Jre 2 
N , 1 ;}) p ,� 1 2  m =- 4 

Thomson 2s Prtncfpa Weighted 
Method F O (S o IVL C o ' 

a OOO  , 0 59 
0 1 5 3  248 

260 . 261  
.. r n q  0 242 240 ' 25 7 

190  2 60  

.. 465 , 403  232 ' 2 1 8 287 0 31 8 
I . 47 8  A29 
I 248 . 21 1 

0 206 0 258 , 29 7  0 365 , 331 35 3 
, 426 A44 

0 345 . 377 
0 369 0 370 
, 61 0 , 6 20 646 ,' 7 57  

0 776  0 698  
A80 , 41 7  
0 362 I 0 378  I 

I 

P a F o (S o M, C '  

, 0 7 7 

2 ') � 

� ·� ;! 

C :i rj 1 

2 7 ,j 

226 

3t5 5  

0 2�:3 329 
4DO 

0 206  
, 264 , 362 
0 35 2 39 8 31'77 0 '.' u 

0 360 ,, 508 , 729 0 7 33 
AOl 
374 

I Centroid 

1 23 '·-

t) 6 ' )  ' 3 �:: j 
. ;3 I) ., 

' �: 5 'j 

99fl 

� 2 8  
I ,, 426 
[ , 49 8  
f 0 5 ()2  

I , 302 
0 342 0 530 
0 395 0 5 38 0 5 64 
0 707 
0 729  

1 244 
0 747 
0 308 

I . 547 ! 



and weighted prmcipal factor so\·,1twn were reversed o  The d1ff ereIJ.cf ·�n either 
mean aceuracy meas\;re between. these two so:,j:ct�ons which ·;se the Eiarne i.L!J iai. 
approximations for comm :;,r.::.a Ltrns , was sma:�' .er than. differences betwef' n. 
mean accuracy measure,.;; 01 any other two so\·itfons 

The dLifrncences .i.n acc·Hacy betweer: the maxim·cm <'ke: 1hood sO' ution J 

and Thomso:r/ s  
{ ,::: d  

factor matrices wnich ts  d·,12 to sampung f' \i Ctu.at'GrL The dJii e r t:-T Ct:';'� OPtween 
the maxim um � ikeH.hood 
S ,  M, C ,  s for commcma 'J rn.s fs far more marked when. the popu".au o.:.. 
correlatwn fil.l tri.x IS fo.ctored than when sampie corre��atwn m,,�. t · ' .ce 0

_;; ,1 

factored , Tne centro�d so : .Jwn wHh h\ghest cor re' ations as �rc t a 

communaliHes than to the method of factorlEg as it has been found (6}  that 
differences tn. approxf.mati.orts for comrrnmaHtfes ha·\ie a greater effect on 
differences between factor man1cEs than differences Ln methods of factoring " 

Ir� order to eb eek the computing procedures for obta1n:mg Thomson 's 
solution and the maximum Hkehhood sotution " the sum of squares of .a.on 
diagonal elements of the; restd "'aI matrix (R � FF : p  and the determ:nant of the 
partiaI cor:ce:'.atwn matnx D11 ., __ {R � FF ';. D1; r- were calculated for each 

""u "ii of the five soli.'uEons obtaue d from each sample O As expected " for e\ ery 
sampie Thomson rs so , ·,,twn yielded the smaHest sam of squares of residuals 
whHe the maximum Hkelihood sol.ut10n yie�ded the partial correlatwn matrix 

with 



with the largest determinanL In several samples the partial correlation 
matrices for Thomson vs sotJ_twn and for the centroid sotution were not 
positive semidefinite , 

The fast two columns of Table 8 show the vafoes of the first 
measure of accuracy of the maximum Iikehhood so', ution and of the 
weighted principal factor sol'.ltion. for the 1 0  sampie corre·.ation matr:�ces 
which were factored dir:.g aE l ::3 ,;ariables , The fa, · to:: rn31 ·'. · .. -: •":: fl. 
obtained were of order ,(1 6 x 4 i ,  b· :t on�y the :i:Ixst 1 2  rows we1 e . l�ed wh,--
calcuJating the aceu.ra cy indAx i.� .. order to maK·� - poss:b: e a compa r: s , Jr:. w-, th 
the factor matdces obtaiEed when ofr�Y 1 2  , . ·anah.:es were '.J.sed o Tr-� 
approximations to the pop�c_: atton ccm1msr1.aJ_Ues provided by the pop "l at· on 
S o M ,  C C s are tmprmred if tne n.1; . .  mber of va.riab es is mer ea sed and u1e L7 .·mber 
of factors is held constar1.1 As a resv.:t the weighted p:rmc 1:pai factor 
method when appLied to the popt��ation corTe,.arion matnx, prCl\·, ded a better 
approximation when alt:� 1 6  vari.abtes were }nc2 :).ded than when 12 ·,, ari ab:,es 
were used , The inclusion of the four extra var iables resulted in an 
improvement in the acc\J.racy of the weighted prmcipal factor estimates for 
each of the 10  samples 5 and an improvement in accuracy of maximum 
likelihood estimates for an samples except the firsL The average improvement 
in accuracy was slightly greater for the maximum likelihood estimates than for 
the weighted principal factor estimates , Therefore 3 the increase m number 
of variables resu:ted in a greater difference in accuracy between the maximum 
likelihood estimates and the wei.ghted principal factor estimates . When 16 
variablles were used 9 the maximum HkeHhood solution was the more accurate 
solution for every one of the ten samples .. whereas when 12  variables were 
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used the weighted prllnc1pal factor sohJttion was superior to the maximum 

likelihood solution in three ou.t of the ten samples o 

The values of the two measures of accuracy of the maximum 

likelihood estimates an.d we� ghted principal factor estimates obtained from 

the sample correlation matrices LC Set 3 m = 1 5 0 0 ,, p ·� 1 2\ are shown in 

Table 10 , The fr:erea se !x,. s8 mJ.1:e si ·; E  r es ;) ted in a ma rked :x ,. �J sF  " the 

accuracy of both so�' ;torus the .rr..pr o v emer,t betEg grea.te :r for 1 11.e n1a :x p :_tim 

likelihood soh1ti.on. Th1c-: avern ge ddference · r1 a G c ,;, t a cy betwee , nf 

solutions :.s far greater for the samples of s�.i e 1500 thar:c for t 11.e . .s�1mp:' r �  

o f  size 100 "  

4 .  2 E stimates of indiv:dual factor loadJngs 

The maxnnum " �ke: 0:.hood factor ma.tr ees for th.e sarnpies fn 

Set 1 (N -= 100 � p =: 1 2 :, are gn"eL. n1 Appendtx B ,  

Differences between factor loadings obta1ned by appiying d:Jferent 

methods to the same sample correfat10n matrix were fairly smalL The 

magnitude of differences between factor loadings obtained by different methods 

is illustrated in Table 1 1  which shows the different estimates of each factor 

loading for a typical sample (Ko , 8 fn Set 1) , 

The largest observed value 9 smallest observed value, difference 

between mean of estimate and popufation parameter j and standard deviation 

are given in Tables 12 ,  13, 14 and 15 respectively for each factor loading , 

These estimates of range, bfa s and standard deviation of estimated factor 

loadings are based on smaL numbers of observations (20 for Set l '., 10  for 

Sets 2 and 3)! and the effect of random error may be marked., However s a 

rough impression may be gained of the d1str1hutlon of estim ated factor 

loadings / .  



TABLE 1 0  VaI-ues of Accuracy Measures 

Set 3 :'\I =- 1 500 p = 1 2  

Index 1 Index 2 

1Maximum I Welghted I Max:mvrn I We �; ' •  d 
' ·L- . k · ,  '. '  · ' ' P F·. · c. 1\/1 c· ' r , · . k .· d i · ' -- · _-4_ 1  er.nooa ; _ , � , _ �0--'-,. _.: .. -"""

.....;:
-;..,..· "·-,r--i ..... .:_.._1 __ e--"· .. 1noo �-L 

I 
,. 1: 

i ! 1 0 030 ! ., J 94 

2 . 033 0 21 , 

3 . 050 0 236 
4 . 0 31 0 238 5 ,, 042 0 1 92 

6 , 0 34 0 227  

7 0 057 . 2 33  

8 0 0 31 0 21 6 9 0 037  C 228 

1 0  , 07 3  0 285  

0 01 3 

. 022  

. on 
, Oi. 4  

0 01 5 

. 01 9  

0 01 9 

C � -·--·-, 

. 09
�� 

+---__ ___.... ____ ___. ______ __. __ • 
0
_1_s __ ,.... ___ " _0

9
:___J 

Average! , 042  , 227  
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TABLE 11 Factor Loadings for Sample 8 

N = 100 ,  p = 12 1 m = 4 

Factor l ,  

Population Maximum Thomson Principal Weighted Centroid 
Loadine.:s Likelihood ' E(S .  M .  C . ) P. F .  (S . M .  C . ) 

1 . 00 - , 03 I - . 02 - . 03 -. 05 - . 02 

I .I 
2 , 00 - , 13 ! <,.CC > 1 3  -· . 10 - .10 - . 04 

)'! 
1: ,1 

3 . 7 6 . 82 'I 
0 83 . 75  . 74 . 76 

I 
ll 
ii 
ii 

4 0 00 0 1 7 :i . 1 8 . 1 6 
t 

. 17 0 1 1 

'1.1 /1 

5 . 7 8 111 
0 75  il 

0 71 . 73 . 7 5 . 74 1 .i, 

,1 
fl 6 0 71 ;, , b b , 7 0 . 68  . 68  . 73 J 1 , ,  

I , 00 ')4 ! 
�, 

0 03 - . 03 - .01 . - . 02 -
8 . 40 

! 
o 43 I . 43 , 45 .46 A6 

9 . 00 0 07 0 05 0 04 . 05 . 01 

'l ij 10 . 00 0 06 I 
0 07  . 08  . 08  . 07  I i , 

11 0 00 iii - . 04 ' - . 02 - . 03 - . 02 - . 07 1/1 I 

12 . 00 ;, ,, 07 I . 11 . 12 I . 11 . 19 11 i' 
li 

Factor 2 

Population Maximum Thomson Principal Weighted Centroid 
Loadine.:s LikeHhood F. (S . M.  C. ) P .  F . (S .  M . C. ) 

1 0 80  . 90 0 91  . 84 . 83 . 74 

2 . 70 . 77 . 83 0 7 7  . 76 0 81 

3 . 00 0 1 1 . 13 . 13 . 13 . 16 

4 . 00 . 05 . 15 . 13 .15 . 05 

5 . 00 0 00 . 00 0 00 .00  . 00 

6 . 00 . 16 . 18 . 18 .18 . 17 

7 . 00 - . 05 0 00 . 01 - . 03 . 16 

8 . 00 - . 03 - 0 01 - . 03 - . 03 - . 04 

9 . 45 0 51 . 47 . 51 . 52 . 58  

10 0 00 . 19 . 24 0 24 . 23 . 23 

11 0 00 . 15 0 21 . 20 . 18 . 18 

12 . 32 0 37 0 38 0 39 . 41 . 33 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

44 , 

TABLE 1 1  (conL Factor Loadings for Sample 8 

N = 1 00 ,  p = 12 ? m = 4 

Factor 30 

Population ! Maximum 
LoadingLJ Likelihood 

" 00 

, 84 , 93 

, 00 c, , 08  

-
, 0 09 

, 00 

Thomson Principal Weighted 
F . (S . M . C . )  P. F . (S . M. C . )  

Centroid 

- 24 0 26  . 24 . 37 

- , 23 - . 19 - . 19 - . 09 

I � ,  1 7 - . 1 7 - , 18  - . 05 
i 
I :: : :: : :: : :: I - . 1 4 - . 13 - . 13 - . 08 

1 � , 1 2 - . 16 - . 19 - . 18 I . oo . 00  _ .  02 . 10 I . oo . o o  . oo  . oo  
l ' 28 0 31 . 30 . 38 

� : ::�-��_: :: � ___ : _:_: __ �� --�:_:_:��l _____ : _:

Q

_: ____ --+ ____ : :_: ___ 

Factor 4. 

Population I Maximum Thomson Principal Weighted Centroid 
Loadin2:s ·• ., Likelihood F . (S .  M .  C . )  P. F . (S . M. C . )  

11 0 00 - , 08 � , 1 7 - . 10 - . 03 - . 27 

2 0 60  , 43 0 38 . 33 . 34 . 18 

3 AS , 5 0 , 5 0 . 42 . 38 . 42 
4 . 00 0 00 . 00 . 00 . 00 . 00 

5 0 00 . 00 , 00 . 00 . 00 . 00 

6 0 00 , 04 -, 05 - . 02 - . 01 - . 05 

7 0 64 0 65  , 57  . 58 . 60  . 48 

8 0 38 I 
0 29 ; 27 . 30 0 31 . 40 

9 . 00 0 00 , 00 . 00 . 00 . 00 

10 . 00 I . 22 0 20 . 22 . 26 . 13 ; 

1 1  0 00 0 04 , 08 . 11 . 12 . 17 

1 2  0 00 , 04 - , 01 - . 00 . 02 - . 21 
-



Population 
Loadmg§_ 

1 I 0 00 

2 I 0 00 II 

3 I 0 7 6 II 

4 I 0 00 II 

5 I , 7 8 M 

6 I 0 71 u 

: I 
. 00 

I . 40 

9 I . 00  

10  I . 00  

I 1 1  I . 00  

1 2  I . 00 I 

TABLE 12 Largest Estimates of Factor Loadings 01 

N = Sample size p = No o of variables 

Factor 1 

N = 1 00 p = 12 I I  N = 1 00 p :=: 16 

Maximum Thomson Principal 
Likelihood F , (S o M,  C J  

0 24 0 26 0 25 

0 20 I 0 28 I 0 29 

0 85  I C 86  I . 83 I 

0 32 I 0 32 I 0 32 I 

L OO I C 91 I , 84 

0 81  I 0 81 I 0 '79 

, 1 8 0 20 0 20 

. 5 8  0 57  0 58 

. 19 . 20 . 19 

. 28 . 28 . 29 

. 16 . 19 . 1 9 

. 1 1 . 1 1 . 1 2 

20 samples 

Weighted Centroid 
P ,  F c (S , M, C , 'i 

0 25 0 22 

0 29 

I 
0 31 I I  

C 82  0 82 I I  

I 
0 32 0 33 

0 84 0 85 

0 80  0 82 

, 20 , 23 

C 59 . 61 

, 1 8 . 1 8 

. 29 . 28 

. 1 8 . 20 

. 1 1 . 19 
-

·---.... -.,,...,...,.,.., __ ..., _____ ��---,,_. 

Maxim,1rn I We:�ghted 
Li.keUhood P ,  F ,  (S ,  M ,  C , )  

0 27 I 
0 24 I 

0 86 I 
0 31 

C 8?  

, 80 

, 1 9 

0 5 8 

. 1 6 

. 29 

. 14 

. 1 0  
--� · .. «·· - __ ,  ' ,-, 

if 
. ..,.wu 

0 27 

0 27 

0 84 

0 31 

, 85 

, 79 

, 1 8 

. 58 

. 1 7 

0 29 

. 1 5 

. 1 0 

. __ __ 1.0. . .. .  san:p!es 

II 

I I  

I I  

I I  

N 1 500 p = 12 

Maximum Weighted 
LikeHhood P o F o (S, M ,  c :, 

0 07 0 04 

0 02 I , 06 

, 7 8 I , 73 

0 09 0 1 1 

0 80 , 76 

, 74 , 73 

. 03 0 07 

, 43 . 45 

0 05 . 04 

. 04 . 05 

. 05 . 05 

. 04 . 03 

1 0  samples 

� 
CJl 



Population 
Loadings 1 0 80 

2 0 70 

3 0 00 

4 0 00 

5 0 00 

6 0 00 

7 0 00 

8 . 00 

9 . 45 1 0  . 00 

1 1  . 00 1 2  . 32 

TABLE 12 (cont . ) Largest E stimates of Factor Loadings o 

N = Sample size p = No . of variables 

Factor 2 

N = 100 D = 1 2  N = 1 00 

Maximum Thom son Principal Weighted Centroid Maxim:Jm 
Likelihood F , (S ,  M c C o 'I p O F c (S 0 M o C J  Likelihood 

0 97 , 95 0 84 0 83 0 79 0 9 5 

C 88  0 9 1  0 86 0 83 0 81 0 79 

0 24 0 25 0 25 0 22 , 26 , 2I 

0 39 C 39 A2 , 43 0 50 , 54 

C 00 0 00 , 00 , 00 c OO , 00 

• o  1 6  , 18 0 18 , 1 8 , 20 , 03 

A3 0 50 0 52 , 50 0 60 , 15 

0 32 0 30 0 34 0 31 , 35 , 1 9 

. 63 . 68 . 64 0 64 . 69 . 60 

. 27 . 30 . 31 , 28 . 35 . 23 

. 26 . 22 . 23 . 22 . 49 . 21 

. 69 . 51 . 52 . 51 . 63 . 44 

o = 1 6  

Wetghted 
' P o F c (S o M ,  C c 'i 

, 90 

0 73 

, 20 

, 54 

00 

0 04 

, 1 7 

0 20 

0 62 

. 23 

. 23 

. 46 

20 samples 10 samples 

N = 1500 D = 1 2  
Maximum Wetghted 
.Likelihood p c F , l'S c M o C I  

0 83 C 71 

0 73 0 67 

C 04 07 

0 04 , 1 1 

, 00 , 00 

0 0 3 0 05 

, 07 , 06 

0 07 0 05 

. 50 , 53 

. 04 . 03 

. 02 . 01 

. 36 . 40 

10 samples 

� 
O') 



1 I 

2 I 

3 I 

4 1 

5 I 

6 

7 

8 

9 I 

10 I 

1 1  I 

I 12 I 

TABLE 12 (cont , ) 

N = 100 

Largest E stimates of Factor Loadings o., 

N = Sample size p = No . of variables 

Factor 3e  

Q = 12 II N = 10 0 Q = 1 6  II N =: 1500  Q = 12 Population II �-axh�urn J Thomson I Principal . . I Weig�ted 
Loadn1_gs_ L1�ehho9g _ ____ _ __ _  F o (S� M_o C o  J _ P o F .  t S _o_ M o  C o L 

Centroi.d I ]\1_ax�nrum I Weighted . . . 1..J1kehhood P o F o (S o M o  C o  
�o

axi1:1um I W eightBd 
.L1kehhood P e  F o f  So fy.L C ,  L 

0 51 0 83 0 83 . 64 

, 00 0 19 , 18 0 20 

, 00 , 13 0 12 , 10 

. 84 . 9 9 , 99 . 77 

0 0 0  0 0 0  0 00 0 00 

o OO . 23 0 24 0 20 

o O O 0 17 . 15 . 14 

. 00 0 20 . 19 0 22 

, 00 0 00 0 00 . 00 

0 39 0 54 , 54 0 59 

0 35 0 53 0 62 0 56 

0 0 0  I 0 26 I 0 21 I , 22 I 
20 samples 

, 62 0 71  , 8 3 I 0 72 0 59 , 52 

0 18 0 29 0 27 0 24 0 07 0 07 

0 09 , 14 , 14 o l 3 . 04 

I 
, 0 0 

, 7 8 , 73 0 86  0 75 , 86 0 69 

0 00  . 00 , 00 0 00 . 00 0 00 

0 21 , 24 e 18 , 1 5 , 03 , 04 

0 14 e 22 . 1 5 . 15 0 03 0 00 

. 21 . 13 . 11 , 1 2 . 03 0 01 

. 00 , 0 0  , 0 0  0 00 . 00  . 00 

, 61 . 6 6 0 54 0 58 . 41 I . 44 . 55 68J . 43 I . 46 II AO I . 44 
' 24 ! ' 33 . C 1 :  0 18 I ' 03 I ' 05 ·-- --. ! ·--·-·-"'· . ·· ····· . . �-��-- -+-- -.. �--" · --- .. ·- -·· J .  - - :; '·, , , n..:, r;· .: es - - -��--- 1 0 3mmp�es ��-



Population Loadin2."s 
1 . 00  2 . 60  
3 . 48 4 . 00 
5 � 00 6 . 00 7 . 64 8 . 38 
9 . 00  

1 0  . 00 
11 . 00  
12  . 00  

Maximum 

TABLE 1 2  (cont . ) Largest E stimates of Factor Loadings . 

N = 100  
N = Sample size p =- No . of variables Factor 4 .  

o = 1 2  N = 1 0 0  Thomson Principal Weighted Centroid Maximum Likelihood F . (S. M. C . ) P . F . (S . M. C . ) Likelihood 
. 31 . 39 . 34 . 36 . 44 . 24 . 82 . 82 . 75 . 74 . 74 . 75 . 5 9  . 6 0  . 56 . 5 5  . 57 . 58 . 00  . 00 . -00 . 0 0  . 00  . 00 • 0-0 . 00 . 00 . 00 . -00 . 00 . 20 . 28 . 27 . 23 . 29 . 14 . 74 . 81  . 71  . 73 . 73 . 71  . 52 . 50 . -50 . 49 . 53 . 53 
. 00 . 00 . 00  . 00 . 00 . 00 
. 23 . 33  . 38 . 33  . 33 . 1 6 . 25 . 24 . 22 . 23 . 22 . 20 . 25 . 31 . 31 . 31 . 34 . 24 

o = 1 6 Weighted P .  F .  (S. M. C . ) . 25 . 72 . 54 • 00 . 00 
. 1 3 . 70 . 53 . 00 . 1 8 . 23  . 25  20 samples 1 0  samples 

N = 1 500  p = 1 2  Maximum Weighted Likelihood P . F . <S. M. C .) . 04 . 14 . 66 . 58 
. 53 . 43 . 00 . 00 . 00 . 00 
. 03 . 01 . 68 . 63 . 42 . 42 . -00 . 00 . 06 . 08 . 05 . 06 . 04 . 04 1 0  samples 

fj::,.. 
00 



Population Maximum 
LoadinErs Likelihood 

1 0 00 - 0 19 

2 0 00 - , 1 6 

3 , 7 6 , 57 

4 o OO - , 1 9 

5 C 78  0 68 

6 0 7 1  0 47 

7 , 00 - ,  11  

8 0 40 0 27 

9 , 00 - , 20 

1 0  , 00 - , 29 

1 1  0 00 - , 14 

1 2  , 00 � , 1 2 I 

�""'""' -

TABLE 1 3  Smallest Estimates of Factor Loadings 

Factor 1 

N = 100  p = 1 2  N � 1 00 

Thomson Principal Weighted Centroid Maximum. 
F o {S o M o C J  P o F o (S o M o C . ) LikeHhood 

- 0 1 8 - 0 1 9 

- , 1 6 - , 1 6 

0 56 0 5 6 

- , 1 9 - , 14 

0 64 0 68 

C 51 A7 

- , 1 5 - 0 14 

0 28 0 29 

- 0 22 - , 22 

- , 26 - , 26 

- , 1 6 - , 1 6 

� , 1 0 - , 1 0 

20 samples 

- , 1 9 

- 0 15 

, 5 6 

- ,  1 3  

0 69 

AS 

- 0 1 3 

0 29 

- , 22 
- , 27 

- 0 1 5 
"1 1  

- , .Li 
--··-----

...... ,.. . ., _ _  .,._ ._,,,.,. ___ _  - _--,.......·-·· -

I 

- 0 2 3 - 0 1 6 
� , 1 6 - , 1 5 

a 5 2 0 60 

- 0 1 3 - , 1 7 

0 7 0 , 7 0 

A6 , 62 

- , 1 4 - , 06 
, 27  0 29 

- , 25 - , 1 5 

- , 2 3 

I 
- , 29 

- , 1 9 ... 0 1 2 
- , 1 2 i I - , q c, 

. f: . . .. 
i i ...,,. -= --��-----..c2· - - "' 

p = 1 6  N = 1500 p = 1 2  

Wefghted Maximum. Weighted 
P.o F o (S o M o C o � Likelihood P . FJS a M o C J  

- . 1 7 - 0 03 - , 06 

- , 1 3 - , 04 0 00 

, 5 8 , 7 3 0 69 

- , 14 - , 08 - , 06 

0 70 , 76 0 72 

0 64 0 67 0 67 

- 0 05 - 0 08 - 0 04 

. 29 0 36 , 40 
- , 1 6 - 0 05 - , 06 

- 0 27 - , 08 - , 07 

- , 1 3 - , 05 � , 04 

� , 09 - 0 03 •� 
C 04 

· nples L 1 0  samp l es 
� '--- -,,c,---""'=--.c,. _.-,-.:�- -== -�---- · ·  1n. -.:.,� -��=- -

*"" w 



Population Maximum .Loadings Likelihood 
1 0 8 0  . 5 3 

2 . 70 . 43 

3 . 00 - . 23 

4 . 00 - . 28 

5 . 00 0 00 

6 . 00 - , 1 8 

7 . 00 - . 40 

8 . 00 - 0 24 

9 0 45 0 36 

1 0  o OO - . 32 

1 1  . 00 - . 20 

1 2  0 32 0 1 2 

TABLE 1 3  (cont . ) 
N = 100 P = 12  Thom son Principal F , (S o M o C o ) 

. 50 . 50 

. 40 , 36 

- . 22 - . 1 9 

- . 29 - .  25 

0 00 0 00 
- . 1 7  - . 1 7  

- . 38 - , 33 

- . 26 - 0 24 

0 36 0 40 

- . 28 - . 27 

- . 26 - . 23 

0 08 , 1 2 

20 samples 

Smallest E stimates of Factor Loadings Factor .2. . 
Weighted P o F. (S o M, C, ) 

. 51 

3,, , ! 

- . 1 9 

- . 26 

0 00 

_ ,  0 1 6 
- . 33 

- 0 22 

0 40 

- , 29 

- , 21 

, 1 3 

�,., . ·"· - ·:co-.- _.,. __ 
-

... - -,,.,-•-�-

Centroid 
. 43 

. 34 

� . 23 

- . 22 

o OO 

- , 1 7 

- 0 28 

- 0 23 

, 42 

- , 25 

- 0 28 

I 
, 1 2 

l 

... , . - . - ·-··--· ' l, 

N = 1 00 o = 1 6  N = 1500  o = 1 2  Maximum Weighted Maximum I Weighted .Likeiihood P , F o (S o M o C, ) Likelihood P o F o (S, M, CJ 
. 5 2 . 49 . 75 . 65 

. 46 . 45 . 63 . 57 

= . 23 = . 21 = . 05 = . 02 

- . 28 ·� 0 26 = . 04 . 01 

, 00 . 00 0 00  , 00 

- . 1 7 - . 1 5 - , 01 , 00 

- , 32 - 0 34 - , 05 - , 04 

- , 1 9 - 0 1 8 - , 05 - 0 05 

0 38 , 40 0 41 , 45 

- , 32 - , 29 - 0 07 - . 07 

- 0 1 5 - 0 1 2 - . 05 - , 06 

0 1 8 L._ , 1 8 0 27 0 30 
-

t ri  s�3 rr: 0 1�s _ _ _ __ - -�- __ ____ ___ 1 0 .�a��--- -�- �-

en 
0 



1 

2 

3 

4 

5 1  

6 

7 

,. I 8 
i L' 

\ . .  , I 9 1 

() I 1 0  I 
ri. rr · 

. 

1 1  I ;;\ 
� ... ·:11-·�  •. 1 2  I 

Population Loadin s 
0 51 

. 00 

. 00 

. 84 

. 00 

. 00 

. 00 

. 00 

. 00 

. 39 

. 35 

. 00 

Maximum Likelihood 
. 1 2 

- . 32 

- . 33 

. 48 

. 00 

- . 20 - . 47 
- . 34 

. 00 

. 1 9 

. 1 9 

- . 20 

TABLE 1 3  (cont . ) 

N = 100 n = 1 2  

Smallest E stimates of Factor Loadings Factor 3 
11 N = 1 00 _D. = 1 6  N = 1 500 p l>:: 1 2  Thomson Principal 

I 
Weighted F . (S o M. C . }  P .  F . (S .  M.  C .} 

Centroid Maxlm!-Lm Weighted Maximum Weighted Like:�hoof! P .  F. S. M. C . ',1 Likelihood P .  F .  S. M .  C.} 1 
I . 1 6 I . 1 9 I 

I - . 23 I - . 21 I 

I - . 40 I - . 37 . 47 . 49 

. 00 . 00 

- . 22 - . 22 

- . 37 - . 37 

- . 40 - . 41 

. 00 . 00 

. 1 8 , 19 

. 22 . 25 

- . 1 9 - . 20 

20 samples 

. 1 9 I , 03 I 05 

I 
C 05 II . 45 I . 41 

I -· 0 20 - , 50 �- , 57  - , 5 0 - . 08 I - . 05 

-· ,. 36 - , 44 , 25 � . 27 - . 03 I - . 09 

. 5 0 . 42 .. 54 0 51 . 80 

I 
0 6'7 

, 00 . 00 00 . 00 . 00 . 00 

� , 22 � ,  27  -· 0 1 4 - , 1 5 - , 06 

I 
- 0 06 

� . 41 - 0 39 - . 55 - . 54 - . 04 - . 1 n 

. . , A3 - 52  35  _, . 37  � . 03 � . 06 

, 00 . 00  0 00 0 00 . 00 0 00 

. 20 19 . 21 . 22 0 34 , 37 

. 24 07 , 22  . 1 9 . 29 0 33 

II I - , 20 - . 1 8 -· 1 6  I - .. 1 8  - . 03 - . 04 
l 

-., ·- -------·--·,,-�---· -
-· -· :I 1 0  s ; i  rnples JL 1 0  samples 

><-...,c,�-,o -,._ .-,,..• _ _  ·--,,-. _,,,.., .,,oc"""""""' ·-· - "'-- , - - : -�· , ,.,- . .  . _____ .,-_..._ .,,-.,..,.. __ ..,.., __ 

CJ] � 



Population Maximum 
Loadine:s Likelihood 

1 . 00 - . 29 

2 . 60 . 27 

3 . 48 . 11 

4 . 00 . 00 

5 . 00 . 00 

6 . 00 - . 32 

7 . 64 . 49 

8 . 38 . 01 

9 . 00 . 00  

10  . 00 - . 19 

11 . 00 - . 26 

12 . 00  - . 68 

TABLE 13 (cont . ) Smallest Estimates of Factor Loadings 

Factor 4 

N = 100 p = 12 N = 100 p = 16 

Thomson Principal Weighted Centroid Maximum Weighted 
F . {S .  M.  C , )  P . F .{S . M , C . )  Likelihood P . F . {S . M . C . )  

- . 38 - . 32 - . 22 - . 34 - . 15 - . 08 

. 15 . 05 . 13 - . 13 . 35 . 41 

. 14 . 14 . 11 . 19 . 22 . 21 

. 00 . 00 . 00 . 00 . 00 . 00 

. 00 . 00 . 00  . 00 . 00 . 00 

- . 37 - . 35 - . 34 - . 40 - . 25 - . 23 

. 38 . 33 . 42 . 26 . 37 . 42 

- . 10 - . 15 - . 10 - . 17 . 16 . 15 

. 00 . 00 . 00 . 00 . 00 . 00 

- . 19 - . 22 - . 21 - . 26 - . 16 - . 17 

- . 27 - . 25 - . 26 - . 30 - . 14 - . 15 

- . 37 - . 44 - . 39 - . 54 - . 23 - . 24 

20 samples I 10 samples 
r 

N = 1500 o = 12 

Maximum Weighted 
Likelihood P. F . {S .M. C . )  

- . 05  . 06 

. 54 . 48 

. 45 . 39 

. 00 . 00 

. 00 . 00 

- . 04 - . 04 

. 61 . 59 

. 34 . 34 

. 00 . 00 

-. 05 - . 04 

- . 03 - . 02 

- . 05 - . 07 

10 samples 

01 
tv 



TABLE� 1 4 .  Differences between means of estimated factor loadings 
and corresponding population factor loadings 

N = 100 p = 1 2  

Population I Maximum I Thomson I Principal 
Loadings Likelihood Ji\ (S , M, C j 

1 I . 00 II . 01 I . 00 I - , 01 

2 I , 00 . 01 . 01 , 03 

3 I . 76 . 00 - . 01 - , 03 

4 I . 00 , 04 0 05 . 05 

5 I . 7 8 0 02 0 01 - , 01 

6 I , 71 - C O2 - . 01 - . 02 

: I 
. 00 0 04 . 03 , 05 

. 40 . 01 0 01 , 03 

9 I o OO 
I 

- . 01 

I 
- . 01 

I 
= .  01 

1 0  I . 00 C 01 . 02 . 02 

1 1  I , 00 II . 03 I . 03 I , 04 

1 2  
I , 00 I - . 01 I - . 01 I - . 01 

20 samples 

Factor 1 

N = 1 00 

Weighted Centroid Maximum 
P o F o {S o M, C\  UkeHbQod 

- 0 01 - . 02 . 02 
. 04 , 04 , 03 

- . 04 - , 05 - . 01 

, 05 . 05 , 06 
_, , 01 . OU ·- . 02 
- . 02  01  00 

. 06  05 . 03 

. 03 , 04 , 02  

- , 01 - 01 . 02 
. 0 2 . 03 . 02 

I , 04 I , 03 II - , 01 

I - . o1 I n1 
t --·- , ...... . - -�- -- ---

-�- ·-·--- l. 
_ ri 2� 

=..,_� c . � -=,..c ;,;... - -_._ - .--,,.-- -"'--- "" - -- - · .. - ..... ·- �1 

I 
\ 

II N = 1 500 p = 1 2  

Weighted Maximum Weighted 
P , F , S , M o C c ' i Likelihood P , F , (S , M , C , »  

. 01 0 00 I - 0 03 

. 04 , 00 I - , 03 

- . 04 - , 01 I - 0 05 

, 06 , 00 I 01 

. 01 ,, 0 1) 

I 
- , 03 

0 01 , 00 � .  01 
, 04 - 0 01 , 0 3 

, 03 - , 01 , 02 

, 0 2  . 00 - , 01 

, 02 - . 01 I c OO 
, 00 I I  - . 01 I , 00 

-- , 03 II , 00 I . 00 

- i i_8�- __ _ _ �l _ -� O�--��--�pl�s 

01 � 



tpopulation Maximum 
LoadinErs Likelihood 

1 . 80 - . 03 

2 . 7 0 � . 02 

3 . 00 - . 02 

4 o OO . 03 

5 . 00 0 00 

6 0 00  � 0 03 

7 . 00 � "  01 

8 . 00 . 02 

9 0 45 0 04 

1 0  . 00 . 04 

11 . 0 0 . 03 

1 2  0 32 . 01  

TABLE 14  (cont. ) 

N = 1 00 Q = 1 2  

Thomson Principal 

Differences between means of estimated factor 
lo.adings and corres12onding QOQulation factor loadings 

Factor 2 

N �: 1 00 I2 = 1 6  N = 1 500 p = 1 2  

1 
I 

:eighted . Centroid M
.�

xi�um Weigh�ed 
1 

I Jv1.
aximum Weighted 

, , - F�M o C o , LJKehhood Po F o  S o lVL C o ,  1 L1kehhood Po F o S OM O C OL F.JS oM o C o.L� 

- . 06 - .  11 . 1 2 

- . 05 - . 08 , 08 

- . 01  0 01 . 01  

. 05 . 07 . 07  

. 00 0 00 . 00 

- . 04 � . 04 . 03 

- . 01 0 01 . 00 

. 03 . 04 , 03 

. 07 0 08 . 08 

. 04 0 05 . 04 

. 0 3 . 03 . 0 3 

. 02 . 03 04 
---

20 samples 
...,.,,_,-,cc_ .,. � 

- . 1 6 - . 0 3 - . 07 

- 0 1 1 - 03  - . 07 

0 01 . 00 . 01 

, 0 8 . 03 . 04 

. 00 . 0 0 , 00 

. . 1) 2 - . 04 - , 04 

. 0 3 � 0 02  � . 02 

. 04 0 02 , 02 

. 1 3 . 04 . 07 

. 04 . 03 . 04 

04 11 04 I . 05 II 

- . 01 

0 00 

. 00 

� . 01 

0 00  

0 0 1  

- , 01 

0 0 • 01 

0 01 

0 00 

- , 01 

I - 0 1 2 

I 
- , 07 

0 04 

06 

0 00 

0 01 

, 00 

� , 01 

I 
0 05 

- . 01 

I - . 0 2 

I . 06  I , - 01 l . 02 II ,_ 00  I •' 03  
-·· --� ---· ___ __ ___j l -------- --

IL I O  s8mp ; es I I . 10 samples 
� •--..,--,p-_ .. __ , __ _ L .-..__ "-'��---,·----�---· �, - � ·-=.,,.---· �,----���C� •_...-•�.� 

C}l � 



1 2 3 4 5 
6 7 8 9 1 0  1 1  1 2  

Population Loadings . 51  v OO . 00 . 84 
0 00 . 00 . 00 . 00 . 00 . 39 . 35 . 00 

TABLE 14 (cont . ) Differences between means of estimated factor loadings and corresponding population factor loadings 

Maximum .Likelihood - . 05 
- 0 04 - . 05 - . 04 . 00 - . 01 - . 01 - . 07 . 00 - . 02 . 01 - . 01 

N - 1 00 
Factor 3 .  

--1L=_14 I N = 1qo P = 1 6  II N =; 1 590 P - 1 2  Thomson I Principal F , (S ,  M ,  C o ) Weighted P o F , (S , lVL C o b Centroid Maximum .LlkeHhood Weighted P ,  F , (S o M ,  C Maximu.m Li.kelihood Weighted p ,  F j_S o l\' L C o ) - . 05 - . 05 - . 07 - . 07 . 00 - . 02 - . 03 - . 08 . 00 
- . 01 . 02 - . 02 

- . 08 - . 04 - . 08 - . 1 8 . 00 - . 02 - . 04 - . 09 . 00 . 01 . 05 - , 02 20 samples 

-- . 08 - , 03 -· . 08  
- , 1 '7 00  
- 0 01 - . 05 
� . 1 0  

0 00 . 02 . 05 
- , 01 

- . 08 ,, . 04 ,, . 08  - . 21 
0 00 - . 01  

_, 0 0'7 � . 1 3 
0 1)0 
0 06 , 08 
0 00 

- . 07 -· . 03  - . 01  
- . 1 0 o OO - . 02 -· " 05 �- . 07 . 00 .. . 02 - . 04 

• () :?, 

- . 1 1 - . 02 � . 0 3 - . 1 5 
0 00 - . 03 - . 07 - . 08 . 00 
0 00 - . 0 2 . 02 

. 01 , 0 1 
0 00 � , 01 , 00 - . 01 . 00 0 00 . 00 - . 01 . 00 
0 01  

- . 04 , 03 - , 04 - . 1 6 , 00 
- . 01 - . 05 - . 0 2 . 00 , 02 . 03 

. 01 

&..-----------------,--c---�-,- • T . 1 0  .sampl.es _J_I 10  samples 
-.-- ' · . ··-· -- " .-,------- � --

CJl 
CJl 



Population 
Loadings 

1 , 00 

2 , 60 

3 , 48 4 . 00 

5 , 00 

6 0 00 

7 ,  . 64 

8 . 38 

9 , 00 

1 0  , 00 

1 1  . 00 

1 2  . 00 

TABLE 14  (cont . ) Diffe_:rences between means of estimated factor 
load.ings and corresponding population factor loadings 

Factor 4 .  

N :,-� 100  p = 12  N 1 00 p = 1 6  

Maximum Thomson 
Likelihood 

0 01 04 

- , 01 - , 03 

- , 0 3 � . 04 

, 00 0 00 

0 00 . 00 

- . 01 � . 02 

- . 02 - . 02 

- . 05 - . 06 

, 00 . 00 

, 00 . 03 

. 00 . 02 

- . 08 - . 06 

Principal 
F , (S M , C J  

. 06 

- . 09 

- 08 

. 00 

0 00 - , 01 
- . 05 

- . 06 

. 00 

. 04 

. 02  

- . 07 
' -

Weig�ted 
,, . 

[ Cen�roi� . 
p '  f c( S  M ,  \,,, ,.!:_"___ I 

C 09 
- 0 09 

- . 09 

, 00 

, 00 

- , 02 
- 03  

- 05  

. 00 

0 04 

. 03 

- . 07 
� - - - -

08 I 
- , 14 

- . 1 0 

. 00 

00 

c 
.

• 05 

� , 06 

� . 03 

. 00 

0 05 

0 00 
I 

Ma xtmt:tm 
Like1lho( 

. 01 

- . 03 

- . 02 

. 00 

, 00 

� .  01 

- . 0 3 

- . 04 

. 00 

- . 01 

- C 01 
-· . 02 

I 

' 

Weighted 
P , F.J_� M, C J; 

. 05 

� . 06 

- . 05 

. 00 

0 00 

- . 02 

- . 0 3 

- . 02 

. 00 

- . 01 

. ob 
- . 01 

,-·-,-

I 
I 

N = 1 500 p :::;'. 1 2  

Maxlmum 
Likelihood 

. 00 

- . 01 

. 01 

. 00 

0 00 

. 00 

, 00 

. 01 

. 00 

. 00 

. 01 

. 00 
. ·-

Weighted 
P ,  F , (S ,  M ,  C J  

. 1 0 

- , 08 

� , 0 8 

C 00 
0 00 

- . 02 

- . 03 

. 00 

. 00 

, 01 

, 03 

- . 01 -· 
20 samples 1 0  samples 1 0  samples 

. ..  . _..._ __ .___,,.,_ 

- �  < < � : l:�J: 
"la..:=r-��.·- ""'"7  -�- � �-=-- _,��,,. --...-_-., _

-,,_ c �.zE -� 
OI 
0:, 



Vari- Population Maximum 
able Loadings Likelihood __ 

1 . 00 . 11 

2 . 0 0 ' 11 

3 , 7 6 . 08  

4 . 00 . 1 1  

5 . 7 8 , 08  

6 . 7 1  , 09 

7 . 0 0 0 09 

8 . 40 0 09 

9 . 00 ' 11 

1 0  . 0 0 . 1 5 

11 . 00 . 1 0 

1 2  . 0 0  0 08 •, 

TAB LE 1 5  Standard Deviations o f  E stimates o f  Factor Loadings 

Factor 1 .  

N = 1 00 P = 1 2 

Thomson 
--·---

. 11 

. 1 2 

0 07 

C 11 

017 ' I 

. 08 

, 09 

. 09 

0 1 1 

. 1 5 

. 1 0 

. 08 

Principal 
L� M��l 

. 11 

0 1 2 

0 06 

. 11 

, 04 

0 07 

. 09 

, 09 

. 11 

. 1 5 

. 1 0 

. 0 8 

20 samples 

Weighted 
P n F , iS ,  M ,  C J  

. 11 

. 1 2 

, 05  

. 1 1 , 04 
07 

0 09 

. 09 

1 -a  • J. 

. 1 5 

. 1 0 

. 0 8 

---

Centroid 

' 11 

. 1 2 

, 07  

' 1 1 

I 
. 04 

0 08  

' 0� 

. 1 0 

, 1 3 

, 1 4 

l 
0 1 1 

. 09 

= 

N = 1 00 p = 1 6  

Maximum Weighted 
Likelihood P , F . (S , M , C " '' 

. 1 4 . 1 3 

. 1 3 . 1 3 

, 07 , 07 

. 1 4 . 1 3 

, 06 0 05 

. 06 , 05 

, 07 0 07 

. 1 0 . 1 0 

' 11 . 11 

, 1 6 , 1 6 

. 09 0 09 

0 06  . 06 

1 0  samples 
. �. 

N � 1 50 0  p = 1 2  

Maximum Weighted 
LikeHhood P , F c (S , M o C J  

C 03 , 0 3 

. 02 . 0 2 

, 02  , 01  

, 05 , 05 

, 01 0 01 

0 03 , 02 

, 0 3 , 0 3 

. 02 , 02  

, 0 3 , 0 3 

, 04 , 04 

, 0 3 . 03 

. 02 . 02 

10 samples 

c.n 
-::J 



Vari� [Population Maximum 
able Loadi:Qgs Likelihood 

1 . 80 . 14 

2 , 70 . 1 2 

3 , 00 , 1 5 

4 , 00  0 20 

5 0 0 0  , 00 

6 , 00 0 0 8  

7 , 00 . 2 0  

8 . 00 . 15 

9 A5 . 0 7  

10  . 00 . 1 9 

1 1  . 0 0  . 1 3 

1 2  0 32 . 1 2 

TABLE 15  (cont . ) Standard Deviations of Estimates of Factor Loadings 

N = 1 00 p =.c 1 2  

Thomson Principal 
F ,  '8 , M ,  C J  

, 1 3 0 1 1 

, 14 , 1 3 

, 1 5 . 14 

, 20 , 1 8 

, 0 0 . 00 

0 09 . 08 

21 0 20 

, 1 6 . 1 6 

. 09 0 07 

. 1 8 . 1 8 

. 1 5 . 14 

. 1 1 , 1 0 

20 samples 

Factor 2 .  

Weighted Centroid 
P , F , (S , M , C , t  

0 1 1 

, 1 2 

. 14 

. 1 8 

0 00 

0 08 

, 1 9 

, 1 5  

, 07 

. 1 8 

. 14 

, 1 0 

0 11 

, 1 3 

. 1 3 

. 20 

. 00 

, 1 0 

, 21 

0 1 !; 

0 ;7 ' ' 

. 1 7  

, 1 7 

-�--!- - -" 1 3 __ 

N = 100 p = 1 6  
Maximum Weighted 
Uke!Jhood p C F  , (S ,  M ,  C , 'f 

, 1 5 , 14 

, 1 1 , 1 0 

. 1 5 , 1 5 

, 27 

I 
C 25 

00  , 00 

, 07 0 06 

, 1 6 ' l '7 

1 2  , 1 2 

, 0 8 . 08 
. 1 9 . 1 8 

, 1 2 . 1 3 

. 0 8 0 09 
-�-- ·- ---- �- - j_ 

.,� =---...,._-------=:,... ____ ...._ �--.-..:-o--.t.·-- .,_, - ,,......._ -� - ., --'----� J _  - IO  samples 
-- �-- .  ___ ,__=,as.,,.,.._ - -

I 

-

N = 1 500 o = 12 

Maximum Weighted 
L,ikelih_oQd_ P , F o (S o M, C J  

, 03 , 02 

, 03 , 0 3 

, 0 3 , 03 , 04 , 03 

0 00 C 00 

C 02 02 

0 04 , 04 

. 03 , 03 

, 03 , 02 

. 04 , 04 

. 02 . 02 

. 03 . 03 

1 0  samples 

c.;i 
00 



Varic, Population 
able Loadini;rs 

1 0 51 

2 . 00 

3 o OO 

4 . 84 

5 00  

6 . 0 0 

7 C 00 
8 C 00  
9 0 00  

10 0 39 

11 . 35 

12 . 00 

TABLE 15 (cont . ) Standard Deviations of Estimates of Factor Loadings 

Maximum 
Likelihood 

0 18 

. 13 

. 11 

0 14 

. 00 

0 1 1 

, 14 

. 14 

0 00 

. 1 0 

. 09 

, 12 

Factor 3 .  

N = 100 0 = 12 N �" 100 p �; 16 

Thomson Principal 
F c (S o M c C , ) 

. 18 ,, 14 

. 13 . 13 

, 13 , 12 

, 13 . 08 

, 00 . 00 

. 12 . 1 1 

. 12 , 12 

, 15 . 15 

0 00 . 00 

.10 . 10 

. 10 0 09 

. 12 , 12 

20 samples 

Weighted Centroid Maxi.mum We:,ghted 
P o F , (S , _M ,  C , \  Likelihood P O F O (S O M O C J  

, 14 o l 6 0 26 , 23 

. 12 , 1 7 . 23 0 21 

- 12 , 16 , 1 3  . 13 

. 07  . 08  , 1 0 0 07 

, 00 , 00 0 00 , 00 

' 1 1 , 14 , 09 . 0 8 

. 1 3 . 1 6 . 19 , 19 

. 1 5 . 1 8 , 1 4 , 14 

, 00 .- on , 00 , 00 

, 10 . 1 1 , 12 0 12 

, 09 0 1 2 . 07 0 08 

. 1 2 . 16 , 12 . 12 
"""- ;.----=- ._.._ .. ,..,_.__., -- --...-·�- - ,, __ ::---:>- ' �"< 

i 1 0  samples 
....... - ·� __ , - -· --- .:..-....- - � �"""'-'-""'-- -----�.:u..-. -- ·-

·
· .. .,.-c..::.-·· -�-- •. _,,,. ... _ �� 

N = 1500 p = 12 

Maximum Wetghted 
Likelihood P o F o (S ,  N L C ,. \  

0 04 , 03 

. 05 , 04 

, 03 0 03 

, 02 01 

00 ., 00  

_ 03 - 03 

- 02 03 

0 02 •' 02 

0 00 C 00 
0 02 , 03 

, 03 , 03 

0 02 . 03 

10 samples 

·-

C}l c.o 



Vari- Population Maximum able Loadimrs Likelihood 1 0 00 . 20 

2 , 6 0  , 1 6 

3 . 48 . 1 2 

4 0 00 , 00 
5 0 00 0 00  

6 0 00  0 1 5 

7 , 64 0 08 

8 0 38 . 14 

9 0 00  . 00 

1 0  . 00 0 1 2 

1 1  0 0 0  . 1 2 

1 2  , 00 . 21  

TABLE 15  (cont . ) Standard Deviations of:Estimates of Factor Loadings 
Factor 4 .  

N = 1 00 p :='. 1 2  N = 1 00 D ::".: 1 6  Thomson 
. 2 3 

0 1 8 ' 1 1 
0 00 

0 00 

15  

o l O 

, 14 

. 00 

, 14 

. 1 2 

. 20 

Principal Weighted F C (S O  M O  C O ', 
I
p O F O (S O  M O  C :; 

, 1 9 0 1 7 I 

. 1 7 1 5  I , 1 0 , 1 0 

. 00 00 

0 00 00 

I o l4 . 1 3 , 08  ' 07 

I 0 1 5 14  

. 00  . 00 

, 1 5 1 4  

. 1 2 , 1 2 

. 20 - 20 

Centroid Maximum Weighted LikeUhood P , F o (S 0 M 0 C \1 

0 21 0 1 5 0 1 2 .- 1 9 ' 11 . 1 () 0 1 1 , 1 2 o l l 

0 C)O , 00 . 00 

, 00  0 00 " 00 

. 1 8 - 1 2 . 1 2 

. n 1 0  , 08 

_ } ;3 , 1 2 , 1 2 
0 00 . 00 . 00 

. 1 7 , 09 0 09 

o l 5 11 . 1 1 
26 . 1 6 . 1 7 

20 samples ---
! 1 0  samples 

-- -%---.,.,.- - _•-,,;-_ -..--,.--_W . :Y- -> ; , _-w,._ • • - ·  ·"" -' . , · . -=-= .� �-
-

.:·""-"' . c  • 

N = 1 500 D = 1 2  Maximum Weighted Ukelihood P o F , (S .  JVL C j  

, 03 0 03 

. 04 0 03 

, 03  0 01 , 00 0 00 . 00  , 00 
03 . 02 

0 02 I 
0 02 

0 03 , 02 . 00 0 00 

. 04 0 04 

. 03 0 03 

. 03 . 04 

1 0  samples 
O':) 
0 



TABLE 16.._ Convergence of Communality Estimates to Values greater than or equal to 1 

p = 1 2  

p :::" : 16 

N = 1 00 

Sample Number 1 2 5 6 9 1 0  1 2  1 3  1 7  

Maximum Likelihood i I 1 1 ] 2 2 1 2 4 

I 2 Thomson 's Solution 1 l ' l 1 2 4 
i I 

I I I I Maximum Likelihood I 1 I I I 

The number of the variable wfth communaHty estimate of 1 is given in each cell of the table , 

1 9  2 0  

1 2  3 

3 

C"J -
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loadings under the identification conditions used , 
Differences in distributions of estimates obtained by different 

methods are small , The most noticeable differences are in the means 
of the estimates , The principal factor 9 weighted principal factor , and 
centroid methods yielded approximations to the factor loadings when 
applied to the population correlation matrix , As a result , the means 
of samp:e factor wadings obtamed by these approximate methods differ 
appreciably from the popufaEon factor loadings o On the other nar..d , 
the maximum 1�,kehhood method and Thomson 's method which gave 
exact results for the pop·;;J.ation correlation matrix � yielded sample 
factor loadings with mean.s whkh were dose to the population factor 
loadings o  

The differences between standard deviations of estimates 
obtained by different methods are slighL For the samples_ of size 1 00 � 

the differences in means between the maximum likelihood estimates and 
the approximate estimates are unimportant when compared with the 
variances of the estimates , However , for the samples of size 1500, when 
the variances are very much smaller the differences in means of the 
maximum likelihood estimates and the approximate weighted principal 
factor estimates are relatively large compared to the variances 0 

4.  3 Communality estimates 
In seven of the 20 samples in Set 1 (N = 100 '.l p = 1 2) ,  Thomson 's 

method tended towards a solution with a communality greater than one 
(Heywood case) a Whenever this occurred , the factor matrix obtained 
on the iteration preceding the occurrence of the Heywood case was 

taken/, .  a .  
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taken as the final soluUon , In each of these seven samples as well as in 

four additional samples the maximum determinant procedure tended 

towards a solution with a communality of unit� (See Table 16) . 

Communality estimates of unity occurred in some of the samples 

which yielded the most accurate estimates of the factor matrix . 

Although, in the majority of cases the communality estimate of 

unity occurred for the first variable which had the highest population 

communality of , 9001 , comm�Jmality estimates of unity were also 

obtained for variables 2,  3 ,  4 and 12 which had population 

communalities of . 8500, . 8080 9 " 7056') and , 1024 respectively , 

In the 10 samples where the maxi.mJm likelihood estimates of 

communalities were obtained using both 12 and 16 variables , 

communality estimates of unity occurred in s ix cases when 12 variables 

were used . When 1 6  variables were used , only one sample produced 

a communality estimate of unity . This sample had yielded a 

communality estimate of unity for a different variable when the 

correlation matrix of order 12 was factored . No communality estimate 

of unity occurred for the samples of size 1500. 

Maximum likelihood communality estimates of unity and 

Thom son communality estimates greater than unity can therefore 

easily occur even when the population factor structure is reasonably 

well determined (4 non zero loadings on each factor , 12 variables , 

3 factors ) ,  the number of cases is fairly large (100; and all 

population communalities are well under one. Although a 

population communality greater than or equal to unity is not pos sible,  

the / . . . . 
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the occurrence of a Heywood case in a sample does not necessarily imply 
that the factor analysis modeX does not ht the population from which the 
sample is drawn � but may be due to sampling fluctuation in the estimate. 
The probability of the occurrence of a communality estimate of unity 
is reduced when the number of variables is increased while holding 
constant the number of factors or when sample size is increased. 

The maximum Hkdihood sohitfo:r. for sampc!e 1 9  iE Set 1 was 
very -poor , Using the weighted prtn.mpal factor matnx as lnittaI 
approximation 9 the maxim0t.m determmant computmg procedure yielded 
a communality estimate of 1 {lo 3 de:cimaL p!,aces), for the tweHth 
variable which has a population comm 11nality of , 1 024 " In additton both 
measures of accuracy of the factor matrix indicated a very poor result . 
Convergence was slow and a more accurate result would have been 
obtained in this particular case if a larger tolerance Hmit had been used , 
since the initial approximation was a more accurate estimate than the 
final solution . The analysis was repeated using the population factor 
matrix as initial approximation and more accurate estimates of 
communality were obtainedo an estimate of one occurring for the first 
variable (See Table 1 7 ) . However 9 it was found that the solution 
obtained using the weighted principal factor matrix as initial 
approximation provided a partial correlation matrix with a larger 
determinant than the solution obtained when the population factor matrix 
was used as initial approximation , The first solution was therefore taken 
to be the maximum likelihood solution (in spite of its inaccuracy) . 

Table/ . . . .  



TABLE 17 

Initial 

Approximation 1 2 

Weighted 
P .  F .  (S . M .  C . ) . 95 . 90 

Pop . Factor 
Matrix 1. 00 85 

Population 
Communalities . 9 0 . 85 

Converged communalities for sample 19 using two different 
initial approximations for the factor matrix . Maximum 
determinant computing procedure (Tolerance limit = . 0001) 

N = 100 P = 12 

Variable 

3 4 5 6 7 8 9 10 11 

0 77 . 42 . 60 . 59 A6 , 43 . 1 7 0 09 , 12 

0 7'7 AO . 60 . 59 0 51 . 44 . 27 . 08 . 14 

I I ! 
0 81 ' 17}_ 0 61 . 50 I , 41 ., 30 . 20  1 . 1 5 . 1 2 1 

12 

L OO 

0 37 

. 1 0 

Log determinant of 

Partial Corr . Matrix 

- . 2479 

- . 2529 

0:, 
en 
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It thus appears that for some samples the determinant of the partial 

correlation matrix can have two or more relative maxima . 

In accordance with the theoretical results (10, 14) , the 

population S ,  M .  C .  s were smaller than the population communalities, 

and differences between population S o M ,  C .  s and population communalities 

were larger when 12 variables were used than when 16 variables were 

used . Although population S ,  M ,  C ,  ' s  are lower bounds for population 

communalities (1 4) , this does not necessarily appJ!y to sample S. M .  C .  s 

and communaiities, particularly when sample siz e is smalL 

Corresponding to most samples of size 100,  there were several sample 

S. M. C .  s which were larger than the corresponding maximum likelihood 

and Thomson communaiities . This occurred less frequently with samples 

of size 1500 _ Maximum HkeHhood estimates of S ,  M .  C ., ' s  have a positive 

bias which increases as the magnitude of the population S ,  M.  C .  decreases . 

Differences between means of estimates of the S ,  M .  C ,  s and the expected 

values of these estimates (23 p .  341)  were calculated and found to be small 

(see Table 18 ) . The maximum likelihood estimates of communalities, 

which are squared multiple correlations between observed variables and the 

factor variables, showed a similar tendency towards positive bias (see Table 19) . 

Bias in estimates of the smaller communalities was less than the bias in 

estimates of the corresponding S .  M .  C ,  s .  Therefore , for samples of 

size 100, the means of estimates of the smaller communalities were less than 

the means of the corresponding S ,  M .  C .  estimates .  (Table 18)  

Differences between means of estim ates and population communalities, 

lart;est observed va1ues, smallest observed values and standard deviations 

of communality estimates are shown in Table 19 . 

Table / . . . .  



TABLE 1 8 .  
1 2 3 Population Communalities . 900 . 850  . 808 Population S ,  M o C. s (p = 1 2) . 61 8 , 607  . 599 Mean Communality Thomson (N=.;;1 00 ,  p=1 2)  . 868 , 8 37 0 81 8 Mean Communality Max . L .  (N=1 00 9 p=l 2) . 901 . 87 2  . 826 Mean Communality M .  L o (N=1 00 9 p=l 2) excL Sample 1 9  , 899 . 871 . 829 Mean S ,  M, C, (N�l OO ,  p:�1 2 )  . 661  . 65 3  . 658 Mean S ,  M o C. � Expected value + . 005 + . 007 ·L 01 8 Mean Comm . M ,  L o (N=1500 9 p�1 2)  . 899 . 845 , 809 Mean S ,  M ,  C,  (N=1 500 9 p=4 2 )  0 618 . 6 05 . 598  Mean S ,  M o  C C -Expected Value � , 002 - . 005  - . 004 Population S o  M ,  C . s (p=16 }  . 694 . 671 . 642 Mean Comm . M .  L ,  (N==I O O ,  p=l 6) . 905 , 854 . 826 Mean S .  M. C.  (N=1 500 , p=1 6 )  . 740 . 7 22 . 708 Mean S .  M .  C o  - Expected Value . 003 . 00 6  . 015  

Means of estimates of  communality and S .  M o C 0 

4 
. 7 06 , 37 8 
0 664 
. 709 
. 7 24 
, 428 

� . 01 5 

5 6 7 8 9 . 608 . 504 . 41 0 , 304 . 203  , 466 , 399 - 282  , 262  . 1 72  
, 627 . 540 . 459 , 355 , 288  
. 647 0 51 8 A48 0 350 . 259 
- 650  . 514  A48 . 346 . 2 64 . 5 31 . 462 i 371 ! . 35 3 I . 271 
01 0 ! ooo , �  01 2 1  n1 � 01 0 ' " '_ • - - - , ,  ,, • - - ' • ,,. 2. 0 ' ,_ -

1 0  . 152  0 1 1 7  
. 229 
214 

. 220 

, 228 '�� 01 5 . 69 3 1  . 60Q. . 376 ! . 4 6'7 

504 A1 0 . 296 . 2:i 4 . 1 46 
. 400 . 30] 0 257 . 1 82 1 1 5  

- . 006 - , 002 � . 004 . 01 3 - . 01 0  + . 000 - , 008 . 49 3  . 49 6  . 420 31 5
1 

. 268 . 1 7 8 ' 125 . 636 . 646 , 539 0 445 . 352  _ 2 02 1 214 . 5 09 . 577 , 51 2 . 40 7
�

99 . 309 . 242 - . 056  �'- . 009 , 008 - 009 . 024 ! __ 009 1 ·· - 01 3 

1 1  1 2  1 3  , 1 23  , 1 02 . 49 

0 095 , 087 
. 1 95 . 1 86 
. 1 80 , 1 9 1  
. 1 83  . 149 

, 207  , 1 87 

+ , 014 . 000 . 1 24 , 1 04 
0 09 8 . 092  = , 003 - , 002 
. 1 00 . 090 . 409 . 1 35 . 144 . 470  . 232 0 21 9 . 461 - . 003 - . 008 - . 033  

14  1 5  , 49 . 49 

I 

. 424 , 387 . 5 84 . 464 . 554 . 449 . 047 - . 027  

I 

1 6  . 49 

. 371 , 500 . 459 - . 004 
m m 



TABLE 19. Difference between mean of estimate and population parameter 
9 

ra!!filh__anq standard deviation. for estimates of communalities 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

I Pqpulation Communalities I , 900L850  I . 808 I . 706 I . 608 I . 504 I . 410� . 304 I , 203 I . 152 I . 123 I . 102 II , 490 I . 490 I . 490 I . 490 

N = 100 
p= 12 

Mean � Pop . Comm. 

Highest Value 

. 001 1 . 022 1 . 018 1 . 00 3 I . 0 39 

1 . 000 1 1 . 000 1 1 . 000 1 1 . ooo I . 996 

. 014 

. 685 

. 0 39 

. 671 

. 046 

. 550  

. 057 

411 

. 061 

. 360 

. 058
1 

' 089 

. 343 1 .  000 

20 samples I Lowest Value 
"O 

. 734 1 . 637 

g Standard Deviation . 094 . 090 

� Mean � Pop· . Comm . . 005 . 004 
:; N = 1 00 
EJ ! P 1 6  

Highes � . - "- -� �- V� i m=1 I L OOO I . 91 3 
I I 

Lowest Value 
§ 11 0 samples I Standard Deviation � I. .  . - ! :Mean - Pop . Comm 

. 806 . 740 

, 060 . 056 

- , 001 - . 005 · N - l t>OO ' 
. 939 I , 9 31 

P = 12 · Highest Value 

1 . Lowest Value I . 845 I . 797 0 sa mples 

s:: iN =,'. 100  
0 
Cll S p = 12 

Standard Deviation . 03J3µ±§ 

Mean - Pop . Comm . 

Highest Value 

�· . 0 32 1 - .  013 � 

] 10 1 f Lowest Value 
t-1 samp es 

. 999
1 

. 993 

. 599 . 631 

Standard Deviation . 117 1 . 090 

. 645 I . 30
: 

I .. 46
� :  

.. 3 3
� 

I . 269 I . 1: � 1  . 1 35 
� 

. o
:
4 1  . 051 I . 057 

081 � 3"
1 
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144 0
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83 072 C 0
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. 001 - .  013
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1 

387 
I 

518 I ' 345 

. 648 I . 319 I . 407 1 . 387  . 193 . 182 . L47 , 070 I . 066 . 061 

. 086 I . 174 1 . 103 1 . 096 1 _ 
127 1 . o9i3 . 080 1 . 096 . 07 8 1 I I 
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4 .  4 Computing times 
Examination of Table 20 w� 11 reveal the relative computing times 

taken by different methods of factor analysis on the L B. lVL 7094 computer . 
Average times for the maximum determinant method and Thomson's method 
for Set 1 ,  were calculated over the nine samples where neither method was 
terminated prematurely due to convergence of communality estimates to 
values greater than or equal to one . Compu.ting times for 1 Lc:: t, �� t \ivG 
methods do not inchide time req•_jJ.red for. obtai.:r_ -<ng the miH.:t ·; 
approximations , 

Although the maximum determinant method required more iterations 
than Thomson 's method before convergen�e within the specified limit of 
. 0001 was attained , each iteration was very much faster so tha t the overall 
computing time was shorter . 

Increasing the number of variables from 1 2  to 1 6  resulted i.n a 
marked decrease in the average number of iterations required for the 
maximum determinant procedure to converge within the limit of . 0001 . 
Although time per iteration was increased, overall computing time was 
reduced . Increasing sample size from 1 00 to 1500 while retaining 1 2  
variables resulted in a smaller j but still substantial, reduction in 
average number of iterations and average computing time . 

4 .  5 Procedures for estimating number of factors 
Examination of Table 2J.. will enable a comparison to be made of the 

results obtained with the various procedures for estimating number of 
factors , 

In order to examine the efficacy of a sequence of likelihood ratio 
tests / . . . . 
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TABLE 20 . Average computing times 
Average Average Time Number of Minutes) Iterations **  

i Maximum det E, rm inan t >< . 5 3 8� N =- 1 00 I Thomson ,, . 94 55  p --- 1 2  I Princ1paI factcr (S ,  Mo Co ) . 04 
�o samp! 0 s  ! Weighted pri:a.ctpal factor (S o M o C, ) . 04 . 01 �-01d < 
N = 1 00 I Maximum 1., ;kE - �hcod . 21 22 
p � 1 6  

1 0  samples Wei ghted P ,  F _  ,{ S c M c C . 1 1 

N =  1 500  Maximum Likehhood 41 . 26 p = 1 2  � samples We!ghted P ,  F "  , S v M, C . 04 

** 

Average times for the maximum determinant method and Thomson 's  method for samples of  size 1 00 were calculated over the nine samples for which neither method converged to communalities greater than or equal to l , 
"Iteration" refers to the set of computational steps required to obtain new estimates of all the elements of the factor matrix . 

I 



TABLE 21 . 
No . of Sequence of factors likelihood ratio estim ated tests . 5% Sig. level Set 1 3 5 N = 1 0 0  4 1 5  p = 1 2  5 20  samples 6 

� 7 

Set 2 3 1 N = 1 00 4 9 p = 16  5 1 0  samples 
Set 3 4 10 N = 1 500  7 7  p = 1 2  1 0  samples 

Frequency distributions for number of factors estimated 
Correct number of factors = 4 

Sequence of Sequence of No . of roots No . of roots of likelihood ratio Joreskog tests of Correlation Correlation matrix tests . matrix � 1 with S .  M. C.  s in 1 % _Sig. level 5% Sitr .  level diatronal � 0 1 1  1 
9 1 1  1 6  4 4 3 6 1 14  
1 
9 1 0  4 6 

1 0  1 0  1 0  

.__. Saunders ' procedure 

8 12  

·-

I 
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tests for estimating number of factors � the likelihood ratio test 
statistic was calculated for three and for four factors for each of the 
samples in Sets 1 and 2 From an examination of approximations 
to the likelihood ratio statistic for two factors obtained from the 
weighted principal factor soL1Uon .. it was obvious that the likelihood 
ratio statistic for two factors would be very highly significant in 
every sample , Similar �y ,, exammatfon of approximations revealed that 
all likeli.hood ratio test stat1su cs for three factors obtained from samples 
of size 1500 would be very h:;ghly significanL For these samples the 
tests for four factors only were computed , No likelihood ratio test . 
statistic for fm.;;r factors was s1gfrif1 cant at the 5% level for any of the 
samples used , 

The tendency of the sequence of likelihood ratio tests to give an 
underestimate of the number of factors was apparent in the samples of 
size 100 when 12 variables were used .  There was a marked drop in 
this tendency when 16 variables were used . The five samples in Set 1 

for which the likelihood ratio test statistic was not significant at the 
5% level were all included in the 10 samples which were re-analysed 
with the four additional variables , Using 16 variables , the likelihood 
ratio statistic for three factors from only one of these samples was non-significant. 
The means of the likelihood ratio statistic for three factors ,  degrees of freedom , 
5% significance levels j and the values of the logs of the determinants of the 
population partial correlation matrices when three factors were extracted 
from 12 and from 16 variables are given in Table 22 , Increasing number 
of variables from 12 to 16 9 thereby increasing degrees of freedom for the 

chi square / . . . .  
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TABLE 22 . Likelihood Ratio Statistic for 3 factors 

12  1 6  Variables Variables 
Mean of likelihood ratio statistic for I 3 factors (N = 100) 55 . 8 I 1 26 . 5 

Degrees of freedom for distribution (null hypothesis) 33 75  

5% significance level 47 . 4  96 . 2  

Log of determinant of population partial correlation matrix (3 factors obtained by maximum determinant method ) - . 263 - . 782 
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chi square distribution , resulted in a marked increase in the distance between the distribution of the likelihood ratio statistic under the alternate hypothesis and the chi square distribution of the statistic under the null hypothesis , The power of the test for number of factors was also increased when sample size was increased . The sequence of likelihood ratio tests would have given a correct estimate of number of factors for every sample of size 1500 . Frequency distributions , means , and variances of the likelihood ratio statistics for four factors are given in Table 23 .  Differences between the observed frequency distributions of the likelihood ratio test statlsti.c for four factors and the correspondfng chi square frequency distributions were small for all three sets of observations . However ,  for all three sets of observations ? the variance of the values of the likelihood ratio test statistic was smaller than the theoretical variance of the corresponding chi square distribution . This discrepancy was more marked for the samples of size 
100 than for the samples of size 1500 and was largest when 16 variables were used.  Because of the small numbers of observations a firm conclusion cannot be reached . The probabilities of the test statistics for four factors are given in the last columns of Tables 6 and 7 for Sets 1 and 3 .  Artificial experiments o n  the likelihood ratio test statistic for number of factors have been carried out by Henrysson ( 17 )  using 1 2  samples of size 200 from a population with 9 variables and 1 factor , and Lawley and Swanson (27 ) ,  using 8 samples of size 50 from a population with / . . . .  
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with 7 variables and 2 factors , Henrysson used Lawley 1s (24) approximation 
to the statistic while LawlPy and Swanson used the exact form of the 
statistic , The variance of the values of the test statistic obtained in 
Henrysson 9s experiment was smaller than the theoretical variance of the 
corresponding chi square distribution , On the other hand , in Lawley and 
Swanson 's experiment the variance of the vats1es of the statistic was 
larger than the theoreti cal variance of the corresponding chi square 
distribution . 

The likelihood ratw sig'r.:.H1cance test is applicable only to 
maximum likelihood estimates cf factor loadings c RepJ.acement of the 
maximum likelihood factor ma tnx by any other factor matrix will inflate 
the magnitude of the test statishc , This 1s illustrated in Table 24 where 
the values of the test statistic for max:m\A.m likelihood ? Thomson and 
Centroid estimates is shown , When Thomson or Centr01d estimates were 
used , in several samples from Set 1 o the determinant of the partial 
correlation matrix was negative so that the test statistic did not exist . 

Column 3 of Table 24 shows the values of Lawley 's approximation 
to the likelihood ratio statistic for four factors for samples from Set 1 ,  
This approximation was very close to the true value of the likelihood ratio 
statistic as the correct number of factors was taken and the elements of the 
partial correlation matrix were small . The approximation would be poorer 
if the number of factors was underestimated and the elements of the partial 
correlation matrix were large , 

The decision procedure based on a sequence of Joreskog tests gave 
poor results when 1 2  variables were used, particularly for samples of 

size/ . . . .  



TABLE 23 .  Distribution of likelihood ratio test statistic for 4 factors 
. r-Probability (Asympotic x 2 distribution) Variance of No . of Samples  Mean of Statistic Mean of f I Variance distribution of Statistic x 2 distribution O<  0 2 I o 2 < . 4 I . 4 < .  6 I . 6<  . 8 I . 8 ,< L O 

p = 1 2  N = 1 00 Observed Frequency 3 3 4 7· I 3 LJO 24 " 69 24 11· 30 , 84 Im = 4 Expected Frequency 5 5 5 5 5 � J I 
P = 1 2 . 

I I I • 

48 
N =_ 1 500  O. bserved Frequency 3 1 1 3 3 !._ O ll 10 I 2; . �l ? I 24 1 45 . 1 2 I 48 m = 4 Expected Frequency 2 2 2 . 2 i 2 · ! I l � i - ----,·-----}-, -----1-----�-----� N = 1 00 Observed Frequency 1 2 3 : 3 ! l I 1 0  !_ ·3 1 . 65  I 62 I 41 84 I 1 24 p = 1 6  Ii I 1 I . m = 4 Expected Frequency 2 2 2 I 2 I 2 I J I I 

-::i 
c.n 
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TABLE 24 . Likelihood ratio statistic for four factors 

N •:::; 1 00 p = 1 2  

I i 

I Max , Likelihood i Thomson Centroid 

Sample No . L ,  Ratio Lawley L .  Ratio L .  Ratio 
Statistic Approx . Statistic Statistic 

1 1 5 , 81 1 5 , 7'7 � 

I 2 24 . 39 
I 

22. 36 I 54 . 20 99 . 04 

I 3 1 8 . 87 I 1 8 . 57  � 36 . ;, o i 1 2G . 9 G  

4 19 .  95 I 1 8 , 41 28 , 01 81 . 74 I I 
5 23. 21 i 22. 90  258 . 45 91 . 26 I I 

1! i i 6 19 . 1 3 1. 1 8 ., 50  :,.: 88 " G5  I I ! I 

I I 
! 

7 1 6 . 86 1 6 . 38 26 . 7 6 70 . 2:J 
I l 8 27 , 30 I 25 . ::;_ 9  i 1 04 ., 25 � 

9 27 . 70 2 8 " 17 '>I< 84 . 82 
I II 

1 0  26 , 73 26 . 64 37 . 54 68 , 67  
I 11 1 7 . 65 1 8 , 23 25 . 67 64 . 80 

1 2  26 . 37 23, 1 2  64 . 01 9 6 . 38 

1 3  25 . 00 23. 44 144 r 26 63 . 40 I 
14 35 . 66 34 . 25 50 .. 21 142. 75 

1 5  33. 90  30 . 23 62 . 85 89 . 97 

1 6  28 . 53 29 . 46 49 . 55 * 
1 7  26 . 08 28 . 7 6 * 92 . 10  

18  32. 24 31 . 1 1 4.6 , 38 * 
1 9  22. 69 21 . 38 31 . 75 * 
20 25 . 66 23. 67 * 152 . 04 

* Partial correlation matrix not positive semi-definite . 
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size 1 5 0 0 .  Differences between observed means and var1.ances and the 

means and variances of the correspondi:.1,g chi square distributions were 

large (see Table 25). Results for 1 6  variables and samples of size l 00 

were good . The Joreskog test is ba sed on an assumption which holds 

approximately for the population cor relation matrix used in this study � 

the closeness of the approximation being improved as number of varialbes 

is increased from 1 2  to 1 6  while the LG:m ber of factors is held constant (20). 

The effect of the approximate fH of the mode} on the distribution. of the 

test statistic becomes larger as samplE si.ze is increased . Although good 

results were obtained for 1 6  variables and sample size of 1 00 ,  poorer 

results would ha ve been obtained had sample size been increased whHe 

retaining 1 6  variables , 

For the particular populat!on matrix chosen for this study , the 

number of latent roots greater than or eq0:at to unity was equal to the 

number of factors both when 1 2  variables and when 1 6  variables were used . 

The application of this criterion for the number of factors to sample 

correlation matrices tended to yield an overestimate for samples of size 

1 00. This tendency was far more marked when 1 6  variables were used , 

than when 1 2  variables were used . The correct number of factors was 

given for every sample of size 1 5 00. 

Latent roots for sample correlation matrices in Set 1 are shown in 

Table 26 . Population latent roots and the differences between means of 

sample latent roots and the population roots are given in Table 27 . There 

was a tendency for the larger sample latent roots to overestimate and the 

smaller sample latent roots to underestimate the corresponding population 

latent / . . . .  



TABLE 25 .  

N = 1 00 
p = 1 2  m = 4 N = 1500  p = 1 2 m = 4 

N = 1 00 
p = 1 6  m = 4 

Mean and Variance of Joreskog statistic 

Mean of I Me,an of 
S . ·  . I 2 "-- tatJ.stic v "' . Distribution 

· ·-

48 , 03 35 

339 . 60 I 35 

I 8 3 , 30 77 

l I 
! 

Variance ' Variance 
of of x2 

Statistic Distribution 

61 . 88 70  

285 , 28 7 0  

65 , 81 1 54 



TABLE 26 . 

1 2 

Latent roots of sample correlation matrices (1 in Diagonal) 

N = 1 00 P = 1 2  

3 4 5 6 7 8 9 1 0 1 1  1 2  

2 . 603 2 . 279 1 . 41 1  1 . 1 1 1  1 . 025 . 855 , 685 . 622 . 524 . 37 8  . 303  . 203 

2 . 749 1 . 9 84 1 . 679 1 . 283  . 898  . 806 . 704 . 669 . 41 1  . 398  . 285 . 1 34 

2 . 804 2 . 060  1 . 803  1 . 250 . 923  . 753  . 61 9  . 51 7  . 420 . 382 . 31 5  . 1 54 

2 . 668 1 . 954 1 . 71 3 1 . 420 , 91 8  . 8 31 . 667  . 548 . 439 . 41 7  . 254 . 1 72  

2 . 959 2 . 480 1 . 29 6 1 . 0 37 . 958  . 823 . 61 0  . 5 39 , 500 . 405 . 270  . 1 25 

1 

2 

3 

4 

5 

6 

7 

8 

9 

2 . 651 2 . 1 28 1 . 469 1 . 1 74 . 980  

3 . 1 62 2 . 225 1 . 609 1 . 1 99 . 875 

2 . 748 2 . 227 1 . 440 1 , 1 72 1 . 024 

0 8 61 

. 702 

0 826 

. 7 83  

. 812  

. 753  I , 61 2 

. 504 

. 61 0 

. 669 

, 635 

. 631 

. 478  

. 627 

. 498  

. 5 8 6  

. 629 

•· 500 

. 421 

A1 8 

Al5 

, 487 

. 526 

Al4 

, 275 

. 405 

. 31 8 

. 363 

. 420 

. 280 

. 387 

. 352 

. 341 

. 422 

, 362 

. 41 5  

0 294 

. 231 

, 230 

. 268  

. 294 

. 288 

. 273  

. 272  

0 273 

0 214 

. 234 

. 1 88  

. 261 

. 1 64 I 

1 0  

1 1  

1 2  

1 3  

1 4  

1 5  

1 6  

1 7  

1 8  

! 2 . 755 2 . 005 1 . 602 1 . 21 8  1 . 069 

2 . 623 1 . 903  1 . 725 1 . 327 925 

2 . 928 1 . 9 38 1 . 414  1 . 202 , 941 

2 . 790 2 . 455 1 . 741 1 . 1 49 . 883 

2 . 644 2 . 033  1 . 791 1 . 337 . 797 

2 . 827 2 . 556  1 . 498 1 . 1 9 3  9 7 7  

2 . 983  2 . 405 1 . 375 1 . 034 , 964 

2 . 759 I 1 . 856 1 . 45 8  1 . 387  1 . 0 30 

3 . 148 2 . 023  1 . 51 2  1 . 227 ! . 906 

2 .  701 I 2 . 1 29 I 1 .  651 I 1 .  21 0 i . 971 

85 7 

, 7 64 

. 7 84 

. '7 36 

. 824 

. 83 G  

. 7 61 

. 795  

. 622  I 

. 746 1 
, 724 

0 71 0 

. 7 22 

. 621 

. 722 

! 
I 

I 
I 

1 · 
5 7 6 

1
. 6

40 I 
I . 74

1 I I ,·, r, · l 
• Ob"±· i 

. 670  

636 

. 549 

41 6 

. 41 1  

. 395 

470 

. 482  

. 41 9 

. 438 

1 75 

, 1 53  

. 1 74 

. 1 9 8  

. 1 33 

. 1 50  

. 1 96  

. 119  

. 1 6 3  

. 145 

. 1 54 

. 209 

1 9  

1

2 .  838

1

2 .  208

1

1 .  7 24 

I 

l . 1 1 3  

I 

. 8 6 3  

I 
. 7 91 

1

. 6 8 2  

I 

. 5 38 

I 
. 
4 6 6  

I 

. 3 7 7  

I 

. 242 

I 

. 1 5 8  

2 0  2 . 703  2 . 097  1 . 7 03  1 . 45 3  . 91 1  . 671 . 634 . 568  . 556  . 399  . 203 . 1 01 

:Mean 2� 802 2 . 147  1 . 581  1 . 225 . 942 . 795  . 67 6  . 58 3  . 456  . 375  . 260 . 159. 

Population 2 . 569 2 . 1 07  1 . 542 1 . 1 95 . 867  . 864 . 687 . 653  . 554 . 450  . 324 . 1 87. 
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Population Latent 
Roots p :::c: 12 

Mean - Population 
Roots N = 100 

Mean - Population 
Roots N �· 150 0  

Population .Latent 
Roots p = 16 

TAB LE 27 . Differences between means of latent roots of sample correlation 
matrices and corresponding latent roots of the population 
cprrelation matrix . 

1 2 3 4 

2. 569 12 . 107 1 1. 542 1 1. 195 
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latent roots " 

The number of Ia tent roots greater thar: or equal to zero of the 

population correlation matrix with diagonal elements replaced by S,  M .  C .  s 

was equal to the n-c1mber of factor s ,  This criterion for number of factors 

greatly overestimated the number of factors when applied to sample 

correlation matrices from Set 1 "  Wherea s c, on1y the first four population 

latent roots were greater than zero .) th0 means of the first seven sample 

latent roots were greater than zero {See Table 28} 

Saunders i) procedJ1re for estimating m;mber of factors was not 

followed in that , at each iteratior. of Thomson : s  method , the number of 

positive latent roots greater fn magnitude than tht absolute value of 

the smallest negativE ·i.atent root was not taken as the number of factors for 

the following iteration " However .) the r:.-·Jmber of positive latent roots 

greater in magnHude than the abso:r11te va1 -�£ of the smallest negative 

latent root after Thom son ;s  method has converged for four factors , will 

give an indication of the results of Saunders ' procedure. This criterion 

gave an overestimate of the number of factors for every sample in Set 1 ,  

and the mean of the fifth sample latent root was greater than the 

absolute value of the mean of the smallest sample latent root . (See Table 28) 

4 .  6 Conclusions 

The results of this study demonstrate the superiority of maximum 

likelihood estimates of factor loadings over the other estimates considered . 

Although considerable computation is involved in the maximum determinant 

computing procedure j more computation is required for Thom son ' s  method 

which / . . . .  



S o M .  C ,  s in DiagonaJ 
Thomson Communa.Hties 
0 ff "I I m rng�na __ 

TABI.E 28 . 

Population Mean 
Population 
Mean 

Means of latent roots of sample correlation matrices with diagonal elements r(illlaced by S .  M. C o s and by Thomson estimates of communali.ties 
P = 12  N = 100 20 samples 
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which generally provides slightly less accurate estimates .  There is little 
justification for use of Thomson s method in preference to the maximum 
determinant method . 

The estimates of factor loading obtained using S ,  M o  C ,  s as 
approximations for communalities in conjunction with the principal factor 
method or weighted principal factor method are slightly inferior to 
maximum likelihood estimates , but far _ ess computation is involved . 
If sample size is sma,!L differences in accuracy between the maximum 
likelihood estimates and the approxtmahons are small compared to the 
effect of sampling fluctuation on the estimates .  These differences become 
larger in  relation to the sampling fluctuation as sample size is  increased . 
When sample size is smaE the gam tn accuracy obtained by using the 
maximum determinant method instead of an approximate method does not 
warrant the additional computing Erne . 

A maximum likelihood communality estimate of unity , or a Thomson 
communality estimate greater than unity can occur due to random fluctuation 
in the estimates . Therefore the occurrence of a sample communality greater 
than or equal to unity does not necessarily imply that the factor analysis 
model with the specified number of factors does not fit the population from 
which the sample is drawn. 

It was found that increasing the ratio of number of variables to number 
of factors , or , equivalently the degree of overdetermination of the 
population factor structure as determined by the Lederman inequality (28) , 
and increasing sample size � both have the following effects � -

a)/ . . . . 
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a) Accuracy of estimates of factor loadings is increased , the increase 
being greater for maxim,�m ] tk6Uhood estimates than for the estimates 
obtained by approximate methods . 
b) The probability of the occr.srence of a maximum likelihood 
communality estimate of unity is reduced , 
c) The number of iterations requ1.red for convergence of the maximum 
determinant computing proced·J.re JS red,),ced , 

No method for estimating the E�,cmber of factors proved completely 
satisfactory 9 but the decision procedur e based on a sequence of HkeJ.ihood 
ratio tests and th1._=:, criterior: of rr: mber �)f latent roots greater than �nHy 
of the sample correlation matrix gc:p,-e rest,:'.ts which were preferable to 
the results of the other methods cor1s1dered , The sequence of likelihood 
ratio tests has a tendency to underestnnate the number of factors . This 
tendency is reduced as sampie size ts increased and as the degree of 
overdetermination of the population factor matrix is increased . The 
number of latent roots greater than or equal to unity of the sample correlation 
matrix tends to give an overestimate of a lower bound to the number of 
factors. As sample size is inc reased the probability that this criterion 
will give an overestimate of the lower bound to the number of factors is 
reduced . A disadvantage of the criterion is that the probability of an 
overestimate being obtained appears to increase as the degree of over
determination of the population factor matrix is increased . 
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A P P E N D  X A .  

SAMP L E  CORRE LA TlON MATRICE S  

Set 1 .  ( N = 100 ,  p = 1 2 ) 
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SAMPLE CORRELATION XATRI X.  NO . 2 . 
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SAMPLE CORRELATION MATRI X .. NO . 7 .  ( N  = 1 0 0) . 
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=
�- --

-'-
: 

0 . 1 3 640 5 0 . 2 3�8 1 2  
-0 . 1 3 1 62 5  - 0 . 0 0 3 6 0 1  

1 . 0 0 0 0 0 0  0 . 1 3 2 5 6 8  
o ._ 1 3 2 5 6 8  

.. . " 
l � _Ot>oOJ)O _ _ _ �

----�--- -_-
-_ ---___ -

- o .  0 8 9 39 7  0 . 0 46774�:�ii�-
- -

0 .  2 545 5 9  0 . 1 9 5362 �- - -
0 . 00 8 5 3 5  0 . 1 09 3 � 9  

- 0 . 0 3 5 8 1 5  0 . 0 3 2496 



SAKPLE CORRELATION MATRIX. NO . 1 7 . ( N  = 1 00) • 

1 1 . 0 0 0 0 0 0  
- -�_ --- _ __ - 2 -=--:_- ��---"-= o:.; 741 886 
;���i��-:, ci-r- ,3 rf�t�c:,oj24oos l 
��:'_���I::_ .-\ 4 =-r*1��:: OC..'2649 n· : .  - -- - ·--· --- ----- ----- - - - ·

·
- ·-- - - - -

5 -0 . 0 199 2 1  
b 0. 045046  
1 o. 2 34938  

�=-:._-=:=: - g -, :_-:---��:-:=At�2{)4j1 0 - - - ---� --- --- - -

l-i}J;::ct - ��-�:;;;!}g_· - -
1 1  -0 . 0 1 6 8 5 9  
u o .:1 6 0 2 1 s 

-

o . 74 1 886  
1 . 0 00 0 0 0  
0 .: 40 8208  
o .-ob462 1 

- 0 . 02 1 7  3 7  

- . 

0 . 1 0 3 5 7 3  
o . 5563 2 8  
o .  3347 3 7  
0 . 3 7 22 30 
0 . 1 0 1 0 89 

- 0 . 0 7 87 1 3  
0 . 07 94 8 6  

- 3  

0 . 2 4 0 0 5 1 
0 . 4 0 8 2 0 8  
1 . 0 0 0 0 0 0  
0 . 1 5 3 92 1  
o .  6 1 6 9 7 3  
0 . 5 3 0 4 9 0  
0 . 4 1 3 0 3 8  
0 . 6 15 34 2  
0 .. 1 5 0 3 6 8  
D .. 048 3 1 2  
o .-o 1 2 95 5  

- 0 . 09 5 2 5 8  

l 0 �4408 70 0 . 1 7 5370 - 0 . 0 1 6 85 9  
2 o.31 2 2 3 0  o. 1 01 o s9 -o. 0 1 s 1 1 3 

C _:13����-=;��o::isoa-6tf _:_�-:� -�C - o:.o:4s3 12 0 .  01 2 9 5  5 
-Jt!ff�t�:�'IO;�ssgao-c �- =:���;, �:.0 ;3436 32 o. 2 s 1 09 4  
- 0 - LS'0'=t/ .._-i:�}'=��::t lHt-94 :"\ :::- -: - 0 . 0S 1 9 7 1  O .  0 9 1  7 0 0  

6 · -0 �02a� 1 s  · · - o . 1 3 3o as 0 . 1 5 5 73 0  
7 0 . 1 1899 1  O . O'l.349 1 -o . 0 2 66 8 5  
8 -0�235 2 7 0  0 . 0 1 64 1 8  - 0 . 0 5 0 3 7 3 

��t_;�z .. :-;cc�=�9I�:E/}--=If:1:oooo6o�;:_ c--t_��---;=o �tj4095 _ _ 
-� o .  062 9 1 O . _ 

- 10 ; :_f==.i_fto:�134095 :-:!=.����tz�i..OOOOOO " o. 0 4 9 1 89 ·- -
t: __::_��cc�c=�-, 11. =-;c��-::C�{ti1}62.9lQ�����-_:_{}.049189 _l. O Q Q QOQ -
--- - -"�=1 2

-
--- - -0. 20764 3 0�01 9137

____ __ - 0 . 1 2 0 62 3  ·-

0 . 2 6 4 9 1 3  
0 . 0 6 4 6 2 1 
0 . 1 5 3 9 2 1 
1 . 0 0 0 0 0 0  
0 . 0 2 2 2 6 9  

- 0. 0 0 1 2 7 9  
- 0. 1 0 8 948  

0 . 1 1 1 0 7 7  
0 . 0 8 5 9 80  
0 . 3 4 3 6 3 2  
0 . 2 8 1 09 4  

- 0 . 0 1 9 6 7 4  

0 . 1 6 0 2 1s 
0 . 0 7 94 8 6  

- - o .  0 9 5-2 5 8  
-o. o 

-__ -- - -__ _ -
·
--·· 

- o .·0 1 9 9 2 1 0 . 0 4 5 0 4 6  
-0 . 0 2 1 7 37 0 . 1 0 3573  

0 . 6 1 6-9 7 3  0 . 5 3 0490  
0 . 0 2 22 69 --0 .-0 0 1 2 7 9  
1 . 0 0 0 0 0 0  0 . 5 7 9 1 7 2  
0 . 5 7 9 1 7 2 1 . 0 0 0 0 0 0  

- 0 . 0 2 3 5 9 2  0 . 1 5 40 2 8  
0 . 3 6 25 7 2  0 . 2 6 8 43 1 
0 . 1 2 1 4 9 4  ...: o . 0 2 3 91 a  

- 0 . 0 5 1 9 7 1  - 0 . 1330 8 5  
0 . 0 9 1 7 0 0  0 . 1 5 5 7 3 0  

-0 . 0 '1 1 1 8 8  - 0 . 1 2 5 436 

> - o . 0 1 1 1 88 - _ _  . . . _ - - - - _ _  . .  _ -- _ 

� 0 . 1 � 5436  · - . . 
. 

- 0 . 0 9 1 5 87 
0 . 1 2 7 8 1 0  
0 � 20 
0 . 0 1 9 1 37 

- 0 . 1 2 0623 -

0 . 2 3 493 8  
0 . 5 5 632 8 
0 . 4 1 30 3 8  

- 0  •. 1 0 8 9 4 8  
- 0 . 0 2 3 5 9 2  

0 . 1 540 2 8  
1 . 0 0 00 0 0  
0 . 28 65 3 2  
o . 1 1 s9 9 1 
0 . 0 13 49 1 

- 0 . 0 2 66 8 5  
- 0 . 0 9 1 5 8 7  

- . ----�----·--·-

- -

0 . 2 04 3 1 0  
o ._3 3473 7 
0 . 6 1 5 3 4 2  
0 . 1 1 1 011 ' -
0 . 3 6 2 5 7 2  
0 . 2 6 8 43 1 
0 . 2 8 6 5 3 2  
1 . 0 00 0 00 
0 . 2 3 5 270  
0 . 0 1 641 8 

- 0 . 0 5 0 37-3 
0 . 1 2 7 8 1 0  



___ ..:;;:..._ 

S.A.l(PLE CO RRE LATION ¥ATRIX . NO . 1 8 .  ( N  = 1 00 ) .  

l 
2 
3 
4 
5 
6 
7 
8 
9 

H )  
1 1  
1 2  

l 
2 

3 
4 
·5 
6 
7 
8 
9 

1 0  
t l  
1 2  

l 2 

1 . 0 0 0 0 0 0  o .  5 9 7 364 
o . 5 9 13 64  1 . 0 0 0 0 0 0  
0:. 0 5 4942 0 . 3 2 76 2 8  
D . 2 1 852 9 -o . 11 98 09 
0 .. 0 1 60 1 0 0 . 0 6 54 8 8  

- 0 . 0 1 5 2 3 5  - o .  o ,nz 9 1  

0 . 2 67 4 3 4  0 . 5 1 26 7 6 
0 . 1 1 92 2 0  0 . 32 30 9 7  
0 . 3 8 3042  0 ... 4 5 48 1 2  

-o-. 0 2 a s 3 6  - 0 . 1 98 4 5 5  
0 .. 2 4 3 9 8 4  - G . 0 3 6 0 6 7  
0 . 447 4 3 7 0 . 2492 7 1  

9 1 0  

0 . 3 8 30 4 2  -- 0 . 0 2 8 5 3 6 
C '. 4 54 8 1 2  - 0 . 1 984 5 5  
o .-o t  7 9 0 1  - 0 . 150 1 3 1  

-0-. 0 3 78 3 0  0 . 3364 0 7 
0. 0 72 5 7 0  0 . 008 1 8 5 

-0 . 0 8 5 5 9 3  0 .0 2 5 7 94 
0 . 1 8 4 1 1 1  - 0 . 0 3 7 5 90 
0 . 2 35 0 4 9  - 0 . 2 3 58 0 8  
1�00000 0  0 . -0288 5 f  
o-.0 2aa s 1  1 . 0-00000 

-0�0245 2 6  0 . 0797 6 7  - -- --- ---- -·- · · - - -

0 . 0 5 3 8 1 4  -0 . 160024  

3 

0 . 0 5 494 2 
0 . 3 2 7 6 2 8  
1 . 0 00 0 0 0  

- 0 . 0 46 2 2 4  
o .  5 6 9 6 9 2  
C . 3 6 0 9 7 4  
0 . 2 6 8 6 2 2  
0 . 4 0 8 6 9 9  
0 . 0 1 79 0 1 

- 0 . 1 50 1 3 1  
- 0 . 0 37 5 8 5  
- 0 . 0 9 3 4 1 0  

n 
-- - - - �---

0 . 2 4 3 9 8 4  
- 0 . 0 36 0 6 7  
- 0 . 0 3 7 5 8 5  

0 . 2 5 4 0 6 0  
o .  1 1 6 2 1 8  
0 . 2 30 1 8 7  

- 0 . 0 32 8 5 2  
0 . 0 1 5 9 9 5 

- 0 . 02 4 52 6  
0. 0 7 9 7 6 7  
1 . 00 0 0 0 0  . - -o. 0 7 5 0 0 6-�- -

4 

0 . 2 1 8 5 2 9  
- 0 . 1 1 9 8 09 
- 0 . 0 4 6 2 2 4  

1 . 0 0 0 000  
- 0 . 0 3 0 6 1 2  
- 0 . 0 5 0 6 5 9  

0 . 0 6 0 7 0 1  
- 0 . 1 9 0 0 4 0  
- 0 . 0 3 7 8 3 0  

0 . 3 3 64 0 7  
0 . 2 5 4 0 6 0  
0 . 0 8 9 1 0 3  

1 2  
- - - -----·--·-

0 . 44 7 4 3 7  
0 . 2 4 9 2 7 1  

- 0 . 0 9 3 4 1 0  
0 . 0 8 9 1 03 

- 0 . 0 5 0 3 8 7 
- 0 . 1 3 7 8 72 

0 . 0 5 33 9 7  
o .  ! 3 4 8 5 7  
0 . 05 3 8 1 4  

-0. 1 6 0 02 4  
. . 0 . 0 7 5 00 6  

1 .  

5 

0 . 0 1 6 0 1 0  
0 . 0 6 5 4 8 8  
o .  5 6 9 6 92 

- 0 . 0 3 0 6 1 2  
1 . 0 00 0 0 0  
0 . 5 4 0 6 0 1 

- 0 . 0 4 5 3 3 7  
0 . 2 9 5 0 8 1 
0 . 0 7 2 5 7 0  
0 . 0 0 8 1 8 5 
0 . 1 1 6 2 1 8  

- 0 . 0 5 0 3 8 7  

· - _ _  6 _ _ ___ -__ _ -� _ _  7 

- 0 . 0 1 5 2 3 5  0 . 2 6 7 4 3 4  
- 0 . 09 9 29 7 0 . 5 1 26 7 6  

0 . 3 6 0 9 7 4  0 .2 6 8 6 2 2  
- 0 . 0 5 0 6 5 9  C . 0 60 7 0 1 

0 . 5 4 0 60 1  - 0 . 0 4 5 3 3 7  
1 . 0 0 0 00 0  -0 . 1 2 1 1 4 8  

- 0 . 1 2 1 1 4 8 1 . 0 0 0 0 0 0  
0 . 1 6 9 2 46 0 . 0 2 5 4 0 0  

- 0 . 0 8 5 59 3  0 . 18 4 1 1 1  
0 . 0 2 5 7 94  - 0 . 0 3 7 5 9 0  
0 . 2 30 1 8 7  - 0 . 0 3 2 8 5 2  

- 0 . 1 3 7 8 7 2  0 . 0 5 3 39 7 

. - -- ·- ·- 8 

0 . 1 1 92 2 0  
0 - - - {) . 32 3 09 7  

' c::�o . 4 0 8 699 

-0 . 1 90040  
0 . 2 9 50 8 1  
0 . 1 6 9 2 4 6  
0 . 0 2 5 4 0 0  
1 . 000000 
0 . 2 3 5 04 9  

- 0 . 2 35 8 0 8  
0 . 0 1 5 9 9 5  
0 . 1 348 5 7  



SAMPLE CORRELATION llATRI X.  NO .  1 9 . 

1 
2 
3 
4 
5 
6 
1 
8 
9 

1 0  
1 1  
1 2  

l 
2 
3 
4 

6 
1 

1 

1 . oococo _ 

0 . 5 69 3 6 7  
-0 . 1 7 54 3 8  

C . 546.3 4 8  
-0 . 0 0 8 6 4 4  
-C . 1 3 7 9 4 7  

C .. 0 20 8 62 - -
-C . 0 6 2 9 3 3  

C . 3 36 5 9 8  
0. 2 2 5 8 4 9  
0 . 1 4 7 5 3 9 
0 . 2 7 7 1 C 9  

q 

0 . 3 3 6 5 9 8 
0 . 2 6 3 43 8  

-0 . 0 2 7 7 9 2  
0 . 2 2 6 6 4 9  

0 .. 5 69 3 6 7  
1 .oocooo 

c .  n s c n 7 
0 .. 0 56CJ 7 5  
0 . 0 2 4 1 3 2 

- 0 . 1 5 6 2 7 3  
0 . 5 1 5 6 5 2  
0 . 2 7 1 2 0 5  
0 . 2 6 34 3 8  
o . 0 1 1 n 1 

-C . 1 C 0 3 0 0  
0 . 0 499 2 8  

Q . 2 2 5 8 4 9  
0 . 0 1 1 3 3 1 

-C . 0 5 8�62 2  
0 . 2 3 6 8 8 9  

0 .06.0 1 29 -- - -- -- 0 . 0 54 3 1 1 
-0 . 06 3 3 3 3 0 . 0 1 9 36 2  
-0 . 0 1 6 1 8 8  -C . 1 0 3 9 5 0  

( N  = 1 00) . 

-C. 1 7 543 8 ___ _ _  . 7 0 . 5 4 6 3 4 8  
o . 1 3 s g 1 1 0 . 0 5 6 9 7 5  
1 . cccco o - 0 . 1 1 1 1 4 1  

-� 0 . 1 7 7 74 1 1 . 0 00 0 0 0  
0 . 6 3 3 1 2 g - C . 0 3 8 9 7 9  
C . 5 b C 2 2 3 - C . 1 2 2 9 6 8  
C . 2 4 7 6 8 1 - C . 1 6 8 0 6 4  
C . 5 6 72 3 8  - 0 . 1 6 3 3 3 8  

- 0 . 0 2 7 7 9 2  C . 2 2 6 649  
-�-O . C 5 262 2 0 . 2 3 6 8 8 9  
- C . 2 3 7 2 6 1 C . 1 3 04 7 0  
- o . 1 s so s 6  0 . 1 1 0 2 6 1  

0 . 1 4 7 53 9  0 . 2 7 7 1 09 
- 0 . 1 0 C3 0 C 0 . 0 4 9 9 2 8  
- 0 . 2 3 72 6 1 - C . 1 5 5 0 8 6  

0 . 1 3(47 0  0 . 1 7 0 2 6 1 
O . O.O C64 4 - C . 0 9 03 2 5  

- 0 . 0 7 4 63 5 - 0 . 0 3 0 3 0 7  
- 0 . 1 8 34 1 0  · C " l 8 1 64 5  

- - 8 0 . 0 8 7 1 7 8  _ __ o_._n13 1 ao  __ --�o . 24 192 2 - C . 1 32 8 2 3  
9 1 . 0 00 0 0 0  0 . 0 25 9 2 5  0 . 0 0 22 3 9  0 . 2 8 3 8 0 4  

1 0  0 . 0 25 9 25 1 . 00 0 00 0  0 . 1 8 C 2 2 5 0 . 1 2 8 0 1 7 
ll 0 . 0022 39 __ - - 0 .. 180225  1 . oocooo - 0 . 0 1 4 94 5  
1 2  0 . 2 8 3 8 0 4 0 . 1 2 8 0 1 7 - 0 .· 0 1 494 5 1 . 0 0000 0 

5 

-O . O C 8 644 
0 . 0 24 1 3 2  
0 . 6 3 3 1 29 

-0 . 0 3 8 9 7 9  
1 . 0 0 0 0 0 0  
0 . 5 9P. 4 1 2  

- 0 . 0 0 6 8 1 3  
0 . 3 1 2 5 2 5  
0 . 0 6 0 1 2 9 
0 . 0 54 3 1 1 
C . C O C 644 

-0 . 0 9 0 3 2 5  

6 

-o . 13 7 94 7 ----
-0 . l 56213  

0 . 5 6 0 2 2 3  
-0 . 1 2 2 9 6 8  

0 . 5 9 8 4 1 2  
1 . 0 0 0 0 0 0  

-0 . 0 7 3 8 24  
0 . 3 9 2 6 7 5  

-0 . 06 3 3 3 3  
0 . 0 1 9 3 6 2  

-0 . 0 7 4 6 3 5  
-0 . 0 3 0 3 0 7  

0 .  020 8 6 .2_ _ ____ _ ... 0 .  0 6 2933_ -------
0 . 5 1 565 2 0. 27 1 205 
0 . 2 4 768 t 0 . 5 6 72 3 8  

-0 . 1 8 80 64 _ _ - 0 . 163338 -- � - - --
-0 . 0 068 1 3  0 . 3 1 2 5 2 5  
- 0 . 0 7 3 8 2 4  0 . 3 9 2675  
_ _ 1 . oooooo  __ _ _ o .21t a2a6  __ ___ ___ _ 

0 . 248 2 8 6  1 . 000000 
-0 . 0 1 6 1 8 8 0 . 087178  
-0 . 1 Q3 95Q _ _ __ � - �'_:-j). Q}3780 _CC::_c_ 
-0 . 1 8 34 1 0  - 0 . 247922  
-0 . 1 8 1 6 4 5  - 0. 1 3 2 8 2 3  



SAKPLE CORRELATION MATRIX.  NO . 20.  (N  = 1 00) . 

l 2 3 ... 

l t . 0 00 0 0 0  0 . 4 7 2 5 1 5  - 0 . 2 4 4 '.'.t'i 2  . .  

2: 0 . 4725 1 5  1 . 0 0 00 0 0  0 . 1 96 0 3 8  
3 -0 . 2 44 4 5 2  0 . 1 9 6 0 3 8  1 . 0 0 0 00 0  
4 0 . 3 8 5 0 3 8  - O . O S 5 0 2 6  - 0 . 0 7 5 0 0 5  
5 0 . 0 3 9 1 2 4  0 . 0 0 2 ·) 0 2  0 . 6 3 8 3 t 2  
6 - 0 . 0 9 0 8 6 8  0 . 0 4 8 4 5 2  0 . 6 4 4 1 6 3  
7 - 0 . 2 1 0 2 3 4  0 . 4 1 2 8 8 4  0 . 2 6 3 o 6 C  
& - 0 . 0 &5 6 0 2  0 . 3i 9 1 4 0 0 . 46 S 44 .3  
9 0 . 3 7 0 1 7 8  0 . 3 4 6 7 6 7  - 0 . 1 0 4 1 6 5 

1 0  0 . 2 8 2 640 0 . 1 6 1 3 9 1 - 0 . 2 5 3 6 1 7 
1 1  0 . 0 3 3 5 2 6  - 0 . 0 2 "> 7 9 1 0 . 1 5 6 9 7 ()  
1 2· 0 . 2 0 2 4 5 7  0 . 1 3 0 2 0 4  - 0 . 0 3 0 0 9 3  

9 1 0  1 1  

1 0 . 3 7 0 1 7 8  0 . 2 8 26 4 0  0 . 0 3 3 5 2 6  
2 o . 3 4 6 7 6 7  0 . 1 6 1 3 9 1  - 0 . 0 2 5 7 9 1  
3 - 0 . 1 04 1 6 5 - 0 . 2 5 36 1 7  o .  1 5 6 ') 7 0  
4 0 . 0 9 1 5 7 5 0 . 3 3 3 6 6 0  0 . }6 5 3 1 9  

. 5 o . 0 40 3 6 0  - O . l d 30 5 3  0 . 0 7 1 S 0 1  
6 - 0 . 0 7 8 2 7 3  - 0 . 2 3 38 49 - 0 . 0 9 0 8 7 8  
7 - 0 . 0 3 6 1 7 4  0 . 1 3 42 0 7  0 . 0 8 1 1 1 7 
8 0 . 1 40 5 3 4 - 0 . l d 3 6  5 ft - 0 . 0 2 0 7 0 4  

1 . 0 0 0 0 0 0  0 . 0 8 37 3 9 - 0 . 1 59 40 6  
1 0  0 .  O S37 3 9  1 .  0 0 0 0 0 0  0 . 2 1 1 1 2 3  
1 1  -O .. l S.9 40 6 0 . 2 1 1 1 2 3 1 . 0 0 0 00 0  
1 2  0 . 1 3 3 0 0 6  0 . 04 0 1 0 3  - 0 . 3 2 8 3 5 4  

4 

0 . 3 8 5 0 3 8  
- 0 . 0 5 5 0 2 6  
- 0 . 0 7 :i O O S  

1 . 0 0 0 0 00 
- 0 . 0 2 4 7 5 4 
- 0 . 1 5 8 3 4 4  

0 . 0 2 0 1 9 3  
- O . l l 4 5 7 4 

0 . 0 9 1 5 7 5 
0 . 3 3 3 6 6 0  
0 . 3 6 5 3 1 9  

- 0 . 0 6 6 3 7 5 

1 2  

0 . 2 0 2 4 5 7  
0 . 1 3 0 2 0 4  

- 0 . 0 3 0 0 9 3  
- 0 . 0 6 6 3 7 5  

0 . 0 3 4 8 3 3  
- 0 . 0 1 0 1 7 8 
- 0 . 0 8 7 8 5 7  
- 0 . 0 0 6 6 6 5  

0 . 1 3 30 0 6  
0 . 0 4 0 1 0 3  

- o . 3 2 e 3 5 4  
1 . 0 0 0 0 0 0  

- - - ---- - -- · ---- -
·
-- -

s 0 

0 . 0 3 9 1 2 4 - 0 . 0 9 0 8 6 8  
0 . 0 0 2 9 0 2  0 . 0 4 8 4 5 2  
0 . 6 3 2 3 1 2 0 . 6 44 1 6 3 

- 0 . 0 2 4 7 5 4  - 0 . 1 5 B 3 4 4  
1 . 0 0 0 0 0 0  0 . 4 9 9 5 7 0 
0 . 4 9 9 5 7 0  1 . 0 0 0 0 0 0  

- 0 . 1 0 3 5 9 9 - 0 . 0 2 6 8 9 5  
0 . 2 0 8 9 8 1 0 . 2 9 6 8 0 2  
0 . 0 40 3 60 - 0 . 0 7 8 2 7 3  

-O . l o 3 J 5 3  - 0 . 2 3 3 3 49 

0 . 0 7 1 5 0 1 - 0 . 0 9 0 8 7 8  
0 . 0 3 4 8 3 3  - 0 . 0 1 0 1 7 8  

1 

- 0 . 2 1 02 3 4  
0 . 4 1 2 8 8 4  
0 . 2 6 3 8 6 0  
0 . 0 2 0 1 9 3  

- 0 . 1 0 3 5 9 9 
- 0 . 0 2 6 8 9 5  

1 . 0 0 0 0 0 0  
0 . 2 3 7 2 3 0  

- 0 . 0 3 6 1 7 4  
0 . 1 3 4 2 0 7  
0 . 0 8 1 1 1 7  

- 0 . 0 8 7 8 5 7  
--· -- - - ---· - ·--- -··-- - ----- - - - - ·---

- - ----·-- - - - --

8 

- 0 . 0 6 5 6 0 2  
0 . 3 59 1 40 
0 . 46 5 443  

- 0 . 1 1 4574  
0 . 2 0 8 9 8 1 
0 . 2 9 6 8 0 2  
0 . 2 3 7 2 3 0  
1 . 0 00 0 0 0  
0 . 1 40 5 3 4  

- 0 . 1 8 3 6 5 4  
- 0 . 0 2 0 7 04 
- 0 . 0 0 6 6 6 5  

- ----- ------- - ----- ---- -----



A P P E N D I X B ,  

MAXIMUM DETERMINANT FACTOR MATRICES 
Set 1 .  ( N = 1 00 9 p = 1 2  ) 



KA.XIKUII LI�ILIHOOD 1ACT0B MATRIX. NO. 1 .  ( H  

ROTATED 'TO 10 IUI WITH SPBOIPIBD ZIRO 1L1uourrs . 

l 2 3 

1 :...o . 1 3a210  0 . 94 2 3 1 4 0 . 2 6 0 2 8 4  
2 -0 . 1 3 8799 o .  7 1 8550  -0 . 07 78 6 5 
3 -""- - "- o . 7 62 5 8 0  0 . 2 4 1 8 09 0 . 0 6 7 40 5 ,. "'"0 . 072 0 7 5  o . 2 4 8 1 4 9 0 . 762 3 8 5  
5 0 . 6 82499  o .  - o . 
6 0 . 1 2 0 5 76 - 0 . 0 7 65 5 7  -0 . 0 4 2 9 0 5  
1 0 . 02 8 5 8 5 O . O t:! 59 8 9  o . 1 s 3 s 1 1 
8 o .  3692 8 3  0 . 2 1 2 5 1 1  0 . 0 66 1 7 0  
9 -0 . 1 4 64 2 0  0 . 3 7 7 3 6 3  -o . 

1 0  -o . 0 3 5 3 3 3  0 . 2 3 5 5 1 4  0 . 5 4 0 1 8 0 
1 1  0 . 004 9 6 6  0 .  1 7  89 9 5  0 . 2 76 0 4 4  
1 2  -0 . 0 2 '• 2 5 8  0 . 3 4 32 5 8  - o . 1 o g 5 4 5 

MAXIMUM LIKELIHOOD FACTOR MAT RI X.  NO. 2 ., ( N  
ROTATED TO FORM WITH SPECI FIED ZERO ELEMENTS ... 

1 2 3 

l 0 . 1 7 5 7 6 '3 o .  7 7 87 5 7  0 . 5 74 2 3 2  
2 0 . 0 96 4 9 6  0 . 7 8 36 7 9  0 . 1 7 5 2 9 6  
3 o . 7 6 4 8 9 2  - 0 . 0 5 02 5 8  0 . 0 0 0 1 4 6  
4 0 . 0 6 9 9 0 4  - 0 . 0 5 1 8 0 5  0 . 7 5 5 2 4 6  
5 0 . 8 04 4 5 0  o .  - o . 
6 0 • 6 8 92 l l 0 . 0 1 1 0 6 4  -0 . 1 1 5 6 2 6  
1 0 . 0 1 1 3 1 8  0 . 1 1 4 6 1 5  0 . 1 1 6 72 1  
8 0 . 3 79 6 0 0  - 0 . 0 2 60 9 4 - 0 . 0 7 6 6 8 3  
9 0 . 0 6 66 0 7  0 . 3 6 1 0 9 9  - o . 

1 0  0 . 1 2 0 0 6 9  - 0 . 1 9 74 5 6  0 . 4 9 3 4 6 1 
'1 1 0 . 0494 8 8  - 0 . 0 6 5 0 4 0  0 . 3 7 5 1 2 6  
r1 2 0 . 0 9 5 6 5 0  0 . 3 3 7 6 5 2  - 0 . 1 8 2 4 6 6  

. KA XIII tJ)( LI�ELIHOOD PACTOR MATRI X.  NO . 3. ( N  
ROTATED TO FORM WITH SPECI FIED ZERO ELEMENTS.  

l 2 3 

1 ,  -0 . 1 8 7 7 6 7  0 . 6 7 0 1 7 2 0 . 6 2 6 6 A 9  
2 -0 . 1 2 8 0 3 3  0 . 7 8 9 1 8 5  0 . 1 6 8 4 9 4  
3 0 . 7 4 64 6 5  O .  l 7 88 3 3  0 . 0 1 30 2 5  
4 0 . 0 4 2 5 4 3 -0 . 2 3 54 6 7  0 . 9 4 1 82 7  
5 o .  7 1  ti 9 5 4  o . o .  
6 o . 7 98 6 7 3  - 0 . 0 0 80 8 3 0 . 0 1 0 7 5 7  
7 0 . 0 9 59 7 4  0 . 0 5 8 3 6 2  - 0 . 00 1 86 9  
8 o . s 1 1 0 0 1 0 . 2 3 38 3 7  - 0 . 1 0 5 2 3 7  
9 -0 . 1 896 1 6  0 . 5 3 6 8 0 8  o . 

1 0  -0 . 0 6 0 8 3 3  -0 . 1 0 59 2 7  o .  4 50 07 1  
1 1  -0 . 1 3 8 5 2 7  -0 . 0 1 0 7 8 0  0 . 3 2 0 2 0 8  
1 2  0 . 0 1 1 1 4 2  0 . 2 9 7 2 92 0 . 0 2 1 7 1 8  

• 1 oo) . 

' . 
. 
. .. ·� 

- 0 . 1 5 7 380 
0 . 48 7 753 
0 . 440 97 0  .; . .. . 

o .  
o .  

--0 . U 6 9 9 5  
0 . 5 1 5 1 0 1  
0 . 2 3 6 6 85 
o . 

- 0 . 1 0 8 2 3 0  
- O . O S '/ 9 1 9  

0 . 0 1 3 0 32 

• 1 00 ) . 

4 

- 0 . 1 8 02 5 8  
0 . 3 94 5 6 9  
0 . 5 5 97 6 9  - o . - o . 
0 . 0 5 1 96 2  · ·· ····· ·1 
0 . 6 2 7 1 2 8  
C . 4 0 7 1 6 6  

- o . 

- 0 . 1 85 826  
0 . 0 9 8 6 0 3  

- 0 . 0 2 7 4 6 4  

l 

• 1 00) • 

4 

-0 . 2 8 7 5 5 0  J 
o .  4 2 0 71 5  I 
0. 4 34 0 5 8  I 

-o . 
-o . 
- 0 . 1 1 6 77 2  

0. 5 3 2 00 7  
o .  2 3 3 5 8 6  

-o .  
- 0 . 1 2 0 9 4 6  
- 0 . 1 8 0 8 2 2  
-0 . 24 3 52 5  



KAXIKUII LIXELIBOOD FACTOR KA�RI X. HO . 4. (N  = 1 00 ) . 

ROTATED TO FORK WITH SPECIFIED ZERO ELEMENTS.  

l. 2 3 4 

�==-�-:_�/:: l-�:=�=== cc-,_Q • 0 65 2 5 0 :]�_ : -
- -- - - - ·

· · ·

-

·

-

·
·
- -

---. .
. 

_ -,----� 
- 0 . 078666 . . ... - tm!�{"--E_c�!!! ���-:;::--=-��: �;2�"'--;"�:.'Ifo . 1 16 1 a n:J,_,_ _ - o . 4?a115  

=-=-�- �- 3-'"-- ��- :.:��;_:-0 . 144701 _;�0-=-'=-·- , :'--0 .  2 2·8746  -0 • 2 7 46 9 3 _::_c
_.c.::C::.�jL :.: 0 • 40 1 8 4 7 •-=�=c:c: : :.:-=:-;:::::::__ I 

4 0 . 007449  0 . 0 : 90 59 
5 0 . 8 0 3 0 3 7  o • 

. 
_ -----==cc·:.--=:- - 6 . _ · _ o • 5957 20  --;::c�- o • l �-· 90 7 1 --_,· 0-- - 'c- - -

===:·=":..� 1 ·--oc -0 . 0 770 9 8  - - 0 . 3 S, 54 30 
=====--==i==. - �---_ 8 _ - .  - :  - 0 .  4 322  9 2 -o • l � 37 4 8 
=-=:i=.::.:.� - =-, <, 9 ' 0•·==:=-�.:.•L O • 0 1 j 7 1 6  0 • 5 i 00 4 9 

1 0  -0 . 0 3 1 3 3 7  0 . 0( 1 3 0 5  
1 1  - 0 . 0965 94 O . OC 7 3 8 9  

0 .  77 3 1 6 0  -o . 
- o .  -o.  

0 . 2 2 8 1 44 � 0 . 03882�-
-0 . 1 1 8 64 8 0 . 7 0 3 5 3 2  
- 0 . 1 3 6 60 1 0 . 2 8 8 5 63  

-· - -a . 
- 0 . 024 1 9 3  
- 0 . 02 6 0 6 9  

- 0 . 1 1 2 0 8 1 0 . 3 � 39 4 6  

- -o . 
0 . 4 8 5 1 7 9 
0 . 4 6 7 7 7 8  

- 0 . 0 9 5 5 5 6  - 0 . 0 2 3 1 7 0 -- · 1 

MAXIMUM 

ROTATED 

l 
2 

3 
4 
5 
6 
1 
8 
9 

1 0  
1 1  

MAXIMO)( 

ROTATBD 

1 
2 
3 

6 
1 

10  
1 1  

-- - 1 2 -

LIKELIHOOD FACTOR MATRIX.  

TO FORM WITH SPECIFnm ZERO 

1 2 

- -o . 0 2 6 9 0 1 0 . 9 2 8 6 0 1 
0 . 0 8 9 8 8 1 0 . 59 6 7 5 9  
o .  7 3'1 6 2 8  -0 . 05 1 5 3 5 
0 . 1 0 1 9 8 1 0 . 3 1 45 3 2 
0 . 7 2 1 6 9 6  o .  
o . 7 3 3 6 5 9  -0 . 0 1 6 7 5 8  
0 . 1 7 1 1 8 2  -0 . 0 2 4 9 7 8  
0 . 4 3 6 6 7 1 - 0 . 0 0 1 9 4 0  

-0 . 0 9 0 7 5 0 0 . 4 0 8 7 1 0  
0 . 0 2 0 3 0 9  0 . 2 7 00 1 3 
0 . 1 0 3 1 8 6  0 . 2 6 0 3 1 8  
0 . 00 0 9 8 1  0 . 2 8 04 9 9  

LIKELIHOOD FACTOR MATRI X.  

NO . 5 .  ( N = 1 00) . 

ELEME NTS.  

3 

0 . 3 6 9 3 4 9  
- 0 . 1 2 9 6 1 8  

0 . 0 1 8 5 0 5 
o .  7 1  7 03 5  
o .  

- 0 . 1 74 1 4 6  
0 . 0 6 1 00 5  

- 0 . 02 0 1 2 3  
o .  
0 . 4 3 5 6 2 8  
0 . 3 4 8 07. 5  
0 . 0 790 1 8  

NO . 6.  ( N  

4 

- C . 0 0 5 9 8 8  
0 . 6 9 82 06 
0 . 5 5 3 2 2 5  -o . 

-c . 
0 . 0 8 0 7 2 2  - --���. 
o . 7 1 0 2 4 2  
0 . 4 4 0 6 5 7  

- o . 
o . 0 0 7 1 0 5  
0 . 0 3 1 3 1 0 

- 0 . 02 8 9 8 0  --. -. ·��
� 

- · ·  --'-'-------· --j 

= 1 00)  • 
TO FORM. WITH SPECI FIED ZERO ELEMENTS.  

1 2 3 4 

-0 . 09 1 7 80 0 . 5 3 25 5 8  0 . 8 34 926  0 . 1 0 2 2 1 3  
--

-
�-�cc· - ·-:i 

0 . 0 36290  0 . 7 6 4 3 3 5  0 . 0 6 7 2 1 9  0 . 5 7 00 2 7  1 o .  6 3 5,83 7  0 . 0 8 1 7 4 2  - 0 . 0 4 3 5 8 0 0 . 5 8 2 5 36 - -- - 1 

-0 . 0 10308  - 0 . 2 7 93 8 1  0 . 4 7 8797  o .  
0 . 94698 6  o .  o .  o .  
o . s s 322a - 0 . 06 1 3 2 1  0 . 0620 7 4  0 . 1 8 8 30 7-----�_ --

-0 . 0 1 30 7 1  0 . 0 5 3 7 0 8  - 0 . 1 1 7 1 0 3  0 . 592937  
o . 3089 32 -0 . 1 64 2 0 6  - 0 . 0 5 3 0 8 6  0. 5 1 3 1 45 

-0 . 06 0 4 1 2  o . 5 9 1 1 3 3 o .  o .  
-0 . 0 3 7 9 3 8  -0 . 0 1 76 6 6  0 . 1 93 6 1 4  - 0 . 1 5 5 5 8 0  
-0 . 0 8 8 2 8 2  -0 . 1 7 13 62 0 . 3 3 1 5 3 5  -0 . 020 1 82 
-0 . 1040 1 6 0 . 2 1 97 0 3  0 . 2 5 8 70 2  o. 0 978 96 - ---



IIAXIKUll LIKELIHOOD PACTOR )lATRIX. NO . 7 . ( N  a 1 00) . 
ROTA.TED TO FORK WITH SPECU'IED ZERO BLEKENTS . 

1 2 3 4 

=�� =: .c .c l o : 9671\18 0 . 16 8 32 3  · ni:i ,.��13 ·.�� �').';�, -
- · _ .. _

_ 
-.·. _· · 2 o . Q3895s)t<·' :� o . s 1oa)1 t -0 . 14 6005 . _ - - .- o . 5 93863 '. ? jc"_ ·}I��t 

=- =<<, �..:..3 0 . 85 3 3 1 7" -c==���,:_; 0 . 1 0 208 2 "=- .· .c-0 . 1 0462 4  , .. ;..c.�=c. c.c..c
. 0 . 2 978 9 3 ·=--"-'-=-===------

4 0 . 32 1 696 0 . 2 4 6 5 0 7  0 . 8 2 0 9 5 3  -o .  

5 0 . 8489 5 3  o .  - o .  -o .  

-=--=-=--:=-:::.,-_-c ,-.'. �-- ; - g : �!!�ii ·c·:g : �!;!�� -g: ��=�;ci - -g : g::;ci ��-- �?--:�-, 
=:-:'�=)"._;_ _::: ./ �- 8 = , 0 • 5 8 2 l 6 7 0 • 0 2 3 7 2 7 - 0 • 0 7 1 9 8 0 0 .  4 5 3 3 9 4 :

·
_ j 

=�'=- :: >· · : =: -9 . .  ::-=.;:= ,L .-0 . 0 347 30 - - 0 . 40 2964  - 0 . -0 .  · ·"" ·· 1 

10  0 . 20 1 2 1 1  0 . 2 1 59 9 0  0 . 3 6 2 92 1 0 . 04 9 2 8 8  
1 1  · 0 . 1 43 3 8 1 0 . 1 7 56 8 7  0 . 3 2 9 8 3 5  -0 . 1 5 16 1 4 

===- --=- . .  = 12  -0 . 096 39 3 0 . 3 8 6 2 8 4  -0 . 1 2 4 04 5 - 0 . 2 1 0 5 7 2  
- �-- .. - ·:·: ·· . .  >�- - : - -_ 

-

--�----· ·- -� -
:=-=_··:::_:_.-:-,:..::.��� -::;�-n--� - - ·-- ·--7--_-:: ::-- -

MA••MUK LIKELIHOOD FACTOR MATRIX.  
ROTAT;ED TO FO ilV WITH. S.EECIFIED ZERO 

1 2 

l -0 . 0 2 8 8 1 9  0 . 9 0 34 5 0  
z -0 . 1 3 42 5 8  o .  7 7 3 3 8 9  
3 0 . 8 2 19 0 9  0 . 1 1 92 7 2  
4 0 . 1 73 6 8 4  0 . 0 5 2 8 4 6  
5 O .  7 4 H 6 1 o .  

6 0 . 6 506 7 0  0 . 1 646 5 5  --

· 1  -0 . 0 39 9 0 0  -0 . 0497 4 3  
8 0 . 4 2 8 7 5 8  -0 . 0 2 69 3 6  
9 O . O B0 9 8  o .  5 1 1 3 3 5  

1 0  0 . 0 5 9 0 5 4  0 . 1 8 9 8 6 8  
1 1  -0 . 0 40 1 4 6  0 . 1 4 7 7 2 3  

· - 1 2  0 . 0 70 3 1 0  0 . 3 7 4 0 2 9  

NO . a. ( N  • 1 00) • 

ELEMENTS.  

3 4 

0 . 32 042 2 -0 . 0 8 1 7 1 1  
- 0 . 1 0 2 3 5 1 0 . 4 2 7 0 1 8 
- 0 . 1 2 4 0 8 1 0 . 4 9 85 9 1  

0 . 9 3 3 6 1 7  o .  
o .  o .  

- 0 . 0 8 4 7 3 5  C . 0 3 8 4 5 8  
- 0 . 0 9 3 87 2  0 . 6 5 04 92 
- 0 . 0 1 0 6 9 1 0 . 2 8 6 4 5 2  
o .  o .  

0 . 2 7 1 39 9  C . 2 1 6 1 09 
0 . 3 9 0 9 5 3  0 . 0 3 7 0 8 8  
0 . 1 3 1 90 9  0 . 03 7969 · 

KAXIMUK LIKELIHOOD FACTOR MATRIX. NO . 9 . ( N  • 1 00) • 
ROTATED TO FORM WITH SPECIFIED ZERO ELEMENTS . 

l 
2 
3 
4 
5 
6 
7 
8 

· g  
'1 0 
1 1  

l 

0 . 1 0 5 7 2 5  
0 . 1 42 2 6 4  
o .  8 34 5 7 6, 
0 . 1 84099  
0 . 8 2 1 7 1 8  
0 .  7 62 7 1 8  
o . 0930 8 9  
o . 3 3 1 46 3  
0 . 0 08 6 1 6  
0 . 1 82 8 8 6  
0 . 1 1 5 1 2 3  

2 

0 . 63 9 3 3 1  
0 . 6 2 92 8 1  

�0 . 1 1 20 1 5 -o . 1 9 1 7 96 
o .  

- - --- - 0 . 0445 96  
-0 . 1 4 99 9 9  
-0 . 0 0 38 2 1  

0 . 5 5 3 1 97 
-0 . 02 2 1 8 8  

0 . 1 3 33 0 1  

3 

0 . 5 6 4 96 6  
-0 . 0 0 5 7 0 3  
- 0 . 0 0 5 93 5 

0 . 8 0 5 86 2  
o .  

- 0 . 1 2 06 5 8  
-0 . 0 2 4 4 5 6  
- 0 . 2 8 5960  

4 

0 . 1 2 05 5 8  
-0 . 7 6 3 7 5 7  
0 . 3 5 5 7 5 9  
o .  
o .  

· -0 . 06 7464  
0 . 6 0 56 3 0  
o . 2 1 sn s  
o .. 

- 0 . 02 5 9 2 2  
0 . 0 2 0 8 8 3  

c · i  

, - 1 2--c -- -0 . 0 72 546  0 . 1 2 38 3 3  - - -

o .  
0 . 4 2 9 9 1 9  
0 . 1 9 2 48 0  
0 . 1 70 19 3  0 . 2 5 3 304 - -- - - ------ ·- -



;:. :;.:;;.: � 

, . . 

.a 

.... . . ·--·-·-

KAXIKUK 

ROTATED 

l 
2 
3 ·  
4 
5 
6 
7 
8 

9 
1 0  
1 1  
1 2  

MAXIMUK 

ROTATED 

l 
2 
3 
4 
5 
6 

7 
8 
9 

1 0  
l l 
1 2  

KAXIMU)( 

ROTATED 

1 
2 
3 
4 
5 
6 
1 
8 

9 
10  
1 1  
1 2  

LIIBLIHOOD PACTOR MATRI X. 

TO FO RM WITH SPECIFIED ZERO 

l 2 

0 . 00300 2 o .  5 a n 4 0  

-0 . 1 6 3 1 0 2  o . 5 4 1 3 4 4  
0 . 8 4 6 6 6 6  - 0 . 1 5 (1 9 2 

0 . 0 4 3 6 9 3  -o . 2 2 l0 6 9  
0 .  7 7 7 7 7 9  o . 
0 . 6 8 7 7 3 9 -0 . 0 2 � ·8 5 5  
0 . 0 7 89 0 1  -0 . 1 6 � 9 3 5  
0 . 3 5 2 307  - o .  0 6 � - 8 4 9  

-o . 1 30 5 1 5  0 . 6 2 � 6 6 4  
0 . 1 0 7 2 0 2  -o . UH 4 37  
0 . 1 1 5 5 4 0  - 0 . 0 7 C3 8 7  

-0 . 0 7 6 9 6 8  0 . 4 U  1 4 9 

LIKE LIHOOD FACTOR MATRIX .  

TO  FORM WITH SPECI FIED ZE RO 

l 2 

0 . 2 44 4 7 5  Q . 8 2 8 9 6 2  
0 . 2 0 4 7 9 6  0 . 6 4 2 2 1 1  
0 . 6 44 3 5 7 - 0 . 1 6 2 2 8 1  
0 . 0 8 8 6 4 9  o ·. 1 1 1 o a 3  
0 . 9 9 8 2 0 3  o .  

0 . 5 4 6 0 7 5  - 0 . 1 7 80 7 9  
-0 . 0 5 5 0 5 2  0 . 1 4 09 4 1 

0 . 2 9 0 5 7 8  -0 . 0 3 8 1 0 7  
0 . 1 3 6 5 5 7  0 . 4 3 7 8 2 5  

-0 . 0 8 20 1 7  0 . 1 8 8 3 9 8  
0 . 1 1 5 3 4 3 0 . 2 1 3 6 7 8  
0 . 1 0 7 4 5 1 0 . 2 0 2 4 9 7  

LIKELIHOOD FACTO R MATRI X.  

TO FORM WITH SPECIFIED ZERO 

l 2 

-0 . 1 2 2 3 1 4  0 . 8 1 8 9 1 8  
-0 . 0 70 3 8 2  0 . 8 0 86 5 1  

o . 7 4 3 5 6 2  0 . 1 395 4 8  
- 0 . 0 8 94 5 5  0 . 0 9 96 9 4  

0 . 8 4 6 1 4 0  o . 

o . 1 s 1 2 s s  -0 . 0 7 1 1 5 7 
-0 . 0 1 5 2 70 0 . 2 3 3 1 8 3 

0 . 4 2 9 5 3 5  o . 2 3 7 1 3 3  
-0 . 2 0 54 8 8  o . 5 3 3 3 9 8  

0 . 0 87 4 0 3  0 . 1 2 7994  
0 . 1 39 6 6 0  0 . 1 0 26 1 9  

-0 . 0 8 1 8 96  o . 1440 7 1 

NO . 1 o. ( N  • 1 00) • 
ELEMENTS . 

3 4 

0 . 5 8 6 8 2 3 0 . 1 9 5 304 
- 0 . 1 0 2 00 4  0 . 8 1 8 2 4 8  
-o  . 0 6  7 5 6-3 0 . 3 34 5 3 0 

0 . 7 9 1 49 1  -o . 
- o . -o . 

0 . 0 1 3 8 9 5  - 0 . 1 6 8 6 6 8  
- 0 . 0 4 7 2 8 0  0 . 5 0 86 2 7  

0 . 02 2 84 8  0 . 1 4 1 7 8 5  
- o . - o . 

0 . 4 2 1 7 8 6  0 . 0 8 1 2 7 3  

0 . 3 8 9 5 5 3 0 . 0 7 2 3 0 5 

- 0 . 1 0 5 1 8 5 -0 . 0 2 0 9 0 9  

NO . 1 1  • ( N  • 1 00 ) . 
ELEME NT S .  

3 4 

0 . 2 1 3 0 8 5  0 . 0 7 1 3 4 0  
- 0 . 2 1 3 7 5 4  0 . 6 5 2 2 6 6  
- C . 0 7 6 6 A 8  0 . 5 9 1 8 6 6  

0 . 8 4 'i l 5 5  o .  
o .  o .  

- 0 . 0 2 6 8 8 0  0 . 2 0 4 7 2 0  
- o .  0 0 7 7 5 1 0 . 5 6 6 7 6 6  

0 . 1 1 8 8 6 2 0 . 4 7 6 8 8 9 
o .  a .  

0 . 3 4 3 4 2 9  -0 . 0 1 44 2 5  
C . 2 7 3 2 4 4  0 . 0 4 4 2 4 9  
0 . 0 0 5 8 4 9  0 . 0 6 82 0 1  

i 

NO . 1 2 . ( N  = 1 00)  • 

ELEMENTS .  

3 4 

0 . 5 0 2 9 2 1 -0 . 2 4 7 1 2 8  
- 0 . 0 9 3 0 7 9  0 . 3 44 0 84 
- 0 . 0 8 5 75 2  0 . 4 6 9 0 7 5  

0 . 8 79 56 4  - o . 
-o . -o . 

0 . 0 1 00 0 4  0 . 0 5 9 9 5 7  
0 . 0 2 4 40 6  0 . 5 92 34 9  

- 0 . 10 2 8 3 7  0 . 4 0 6 3 3 5  
-o . -o . 

0 . 4 0 4 79 8 - 0 . 1 8 86 96 
0 . 5 1 3 9 7 6  0 . 0 3 7 6 1 5  

-0 . 0 5 364 8 - 0 . 3 1 1 2 0 4  



ROTATED TO FOR¥ WITH SPECIFIED ZERO 

1 2 

1 0 . 1 50 2 2 3  0 . 5 2 792 5 
2 -0 . 0 24 5 3 3 0 . 73 9 8 1 8  

- 3  0 . 5 7 8 4 3 4  0 . 00 65 8 5  
4 o . 1 49 1 30 - 0 . 1 8 99 4 1  
5 0 . 8 02 7 7 6  o . 

- - 6 0 . 764 8 3 1  - 0 . 0 6 8 4 4 4  
1 0 . 00 3 5 9 8  - o  � 1 3 20 3 9  
8 0 . 2 6 6 1 2 5  -0 . 2 3 9 8 5 3  
9 0 . 1 9 1 6 1 4  0 . 5 1 70 4 5  

1 0  0 . 2 84 4 1 0  -0 . 3 2 0 2 3 5  
1 1  -0 . 0 9 '.:> 3 8 9  -0 . 1 9 6 8 8 9  
1 2  -0 . 0 4 8 0 6 9  0 . 4 2 9 4 3 0  

MAXIMUM LIKELIHOOD FACTOR MATRIX.  

ROTATED TO FO RM WITH SPEC H'IED ZE RO 

1 2 

1 -0 . 0 4 6 2 1 8  0 . 8 4 0 5 6 9  

2 0 . 0 2 1 1 6 5  o . 7 1 g 5 9 7  

3 o .  7 3 8 8 5 5  -o . 0 4 4 7 0 2 
4 0 . 0 1 3 1 5 5 0 . 2 1 4 5 0 1 
5 0 . 8 4 6 5 4 6  o .  

6 0 . 7 5 9 0 5 8  - 0 . 0 2 5 5 2 9 
7 O . l 3 8 0 d 0  0 . 0 1 4 4 0 4  
8 0 . 5 5 3 1 8 5  - 0 . 1 0 2 8 7 7  
9 0 . 0 6 0 3 't 4  0 . 5 3 5 7 6 2  

1 0  -0 . 0 5 9 7 .5 3 0 . 2 3 3 B 7 0 
' 1 1 0 . 0 7 8 8 6 4  - 0 . 0 6 0 6 1 1  
1 2  0 . 0 2 1 2 2 9  0 . 3 6 8 2 3 9  

KA.JIM.UM LIKELIHOOD FACTOR MAT RI X .  

ROTATED TO fl Q Rl4  WITU SPECIFIED ZERO 

l 2 

1 -0 . 02 1 5 2 9  0 . 8 1 14 8 1 
2 0 . 1 94 7 5 8 0 . 49 8 7 4 4  
3 0 . 76 9 1 6 �  - 0 . 2 0 8 8 9 2  
4 -0 . 1 8 8 2 4 4  0 . 0 8 6 3 7 6  
5 0 . 7 0406 1 o .  
6 0 . 6 97 0 2 4 -o . 0 60 7 1 3  
1 0 . 1 7 6 7 2 2  - 0 . 2 5 2 8 9 5  
8 0 . 4 % 2 2 3 - 0 . 0 2 86 7 7  
9 o .  0 73 9 3 8  0 . 5 8 8 8 36 

1 0  -0 . 27 8 1 40 0 . 1 0 9 3 4 1 
1 1  -0 . 0 4 8 6 6 5  0 . 1 4 36 8 4 
1 2  0 . 0 30 2 3 1  0 . 4 3 1 7 3 4 

ELEMENTS . 

� 

0 . 6 76449 
0 . 1 9 4 7 1 7  

- 0 . 0 4 3 4 8"4 
0 . 7 4 7 2 1 2  
o .  

0 . 0 3 5 3 1 7 
- 0 . 0 5 8 9 5 7  
- 0 . 1 0 9 6 1 1  
o .  

o .  3 1 8 4 6 4  

0 . 4 5 4 6 6 9  
0 . 0 2 9 8 4 5  

NO . 1 4 . ( N  

ELEID.:NTS . 

3 

0 . 4 5 8 5 6 9  
- O . C 3 1 0 l l 
- 0 . 0 3 2 5 2 5  

0 . 9 1 6 8 8 5  
- o . 
- 0 . 0 1 2 1 1 1  

0 . 1 1 1 1 1 2  
- 0 . 0 1 0 8 1 7 
- o . 

0 . 2 7 8 1 6 8  
0 . 5 3 0 1 2 2  

- 0 . 0 2 0 2 7 9  

NO . 1 5 . ( N  
ELEMENTS . 

3 

0 . 3 8 1 4 1 4  
0 . 0 7 8 446  
0 . 1 30 9 0 1 
0 . 9 5 467 9 
o .  
0 . 2 1 1 6 9 5  
o . 1 3 8 3 6 3  
0 . 0 03 66 1 
o .  

0 . 1 8 5 8 3 2  
0 . 3 5 0 7 8 0  
0 . 048 8 8 0  

4 

-0 . 0 2 8 39 1 
0 . 6432 2 8  
0 . 5 5 5 1 1 6 

. o . 
o .  
C . 096 1 80 
0 . 60 1 8 3 3  
0 . 5 2 44 3 0  
o .  

C . 1 0 6 4 9 3  
- 0 . 0 2 5 7 7 7 

0 . 0 2 't 2 2 2  

= 1 00) . 

4 

- 0 . 0 5 9 5 2 5 
0 . 5 9 1 2 9 0 
0 . 4 8 1 4 1 0  

-c . 
- o . 
- C . 0 4 5 0 0 4  

0 . 4 8 7 0 1 7  
0 . 4 2 4 5 9 5  

- o . 
0 . 1 0 3 0 8 7  
0 . 1 47 1 9 1  

- 0 . 1 1 6 8 2 6  

= 1 00)  • 

4 

C . 2 4 0 49 4  
0 . 72 7 1 56 
0 . 43 8 05 6  
o .  
o . 
0 . 1 0076 9 
0 . 6 92 7 09 
0 . 2 36 3 5 9  
o .  

- 0 . 0 4 0 5 7 3  
0 . 1 49 5 6 4  
0 . 1 9 1 8 7 9 

-- - ·-- ·- --- -·--

- · - - ----------

- __ -_: ...;: .. _ .; 

-+a----- - - - --··--

� • .:_ :.:.....::.1 

- · ·--· ·--- . . .  �----

--· 



MAXIMUM LIKELIHOOD FACTOR .llATRI X. 
ROTATED TO  PORK WITH SPKCIFIED ZERO 

l 2 

1 0 . 0 1 3 1 8 7  0 .  6 l li:, 6 9  
2 o . 1oao94 0 . 5 7 bB l 6  

- 3 --·- - ·  - 0 . 8 39 8 2 0  -O . l O U 4 9  
4 -0 . 0 1 6 8 60 - 0 . 1 0 30 1 0  
5 o .  7 1 4 6 3 8  o .  
6 o . 469 1 60 0 . 1 2 1 .�ti s 
1 0 . 1 6 � 5 9 8  - 0 . 1 6 7L 6 2  
8 0 . 4 2 6 1 4 5  -0 . 0 2 0 '/ 2 3  

- 9 -0 . 0 3 1 4 7 9  0 .  5 0 4 :'l 6 6  
10  0 . 1 8 6 2 1 4  - o .  1 7 4 ! ) 4 0  
1 1  0 . 0 2 6 5 2 8  o . 0 ·1 e u a  
1 2  0 . 0 5 1 7 0 1 0 . 3 3 P l 9  

KAXIKUK LIKELIHOOD FACTOR MATRIX.  
ROTATED TO FO RM. WI TH SPECIFIED ZERO 

l 
2 
3 
4 
5 
6 
7 
8 
9 

1 0  
1 1  
1 2  

KAXIJ4UK 

l 

-0 . 0 1 40 5 3  
-0 . 0 2 9 4 3 2  

0 . 6 9 1 8 2 7  
0 . 0 2 4 8 6 3  
0 . 8 9 5 6 2 9  
0 . 6 1 8 4 5 6  

- 0 . 0 3 0 1 0 6  
0 . 4 3 3 9 2 2  
0 . 1 1 3 3 9 1 

-0 . 0 6 3 8 9 5 
0 . 0 7 4 1 ( 9  

- 0 . 0 l 'i l 6 3  

2 

0 . 8 7 5 l� 6 2  
0 . 7 5 39 9 2  
0 . 1 5 9 t' 5 2  
0 . 1 6 32 3 2 
o . 
0 . 0 0 4 7 2 8  
0 . 1 7 3 6 3 4  
0 . 1 8 02 2 0  
0 . 5C 9 4 6 8  
0 . 1 5 06 3 6  

- 0 . 0 6 1 7 5 7  
0 . 2 4 2 4 1 7  

LIKELIHOOD FACTOR MAT RIX. 

NO. 1 6 . ( N  
ELEMENTS . 

3 

0 . 6 34 0 9 5  
0 . 06242 8 
0 . 0 8 7 1 1 0  
0 . 9 0 2 3 7 3  
o .  

- 0 . 0 1 5 1 8 7  
0 . 0 0 8 4 5 1 
0 . 1 9 9 69 7  
o .. 
0 . 3 8 3 1 1 6 
0 . 2 1 0 9 3 7 
0 . 0 5 1 7 2 3  

NO . 1 7 .  ( N  

ELEMENT S .  

3 

0 . 1 2 3 8 2 6  
- 0 . 0 5 8 73 3  

0 . 1 1 2 1 0 1  
0 . 9 8 6 0 6 6  

- o . 
- 0 . 0 1 7 6 7 6  
- 0 . 1 3 8 4 7 1 

0 . 0 7 1 8 6 8  
- o . 

0 . 3 2 5 1 6 1  
0 . 2 9 3 3 9 2  

- 0 . 0 5 9 7 3 2  

NO . 1 a. ( N  
ROTATED TO FORK WITH SPECIFIED ZERO ELEMENTS . 

1 2 3 

l 0 . 0 2 8 1 7 1  0 . 7 8 4 1 0 9 0 . 4 2 2 2 5 5  
0 . 0 7564 3 0 . 8 7 7 3 49 - 0 . 0 4 6 7 3 6  
0 .  7 0 7 1 1 6 o . 1 96 8 9 8  -0 . 0 5 1 7 8 9  

4 -o . 0 3 2 7 5'5 - 0 . 0 8 "1 3 9 5  0 . 6 8 5 3 3 5  
5 0 . 8 0 3 9 3 0  o .  o .  
6 0 . 6 5 3 994 -o . 1 2 40 2 0  0 . 0 3 7 0 7 8 

-0 . 0 346 1 7  0 . 4 3 00 60 0 . 1 6 9 5 4 7 
8 0 . 3 9 8 2 0 7  0 . 3 1 50 4 7  - 0 . 2 8 5 5 5 0  
9 Q . 00 3 2 5 6  0 . 48 86 6 1  o .  

1 0  -0 . 05 2 3 2 2  -0 . 2 2 9 5 5 4  0 . 4 0 2 1 5 7  
·1 1 0 . 1 62 9 8 9  0 . 0 334 8 3  O .  3 4 Tl 4 4  

· 1 2  -- -0 . 0 86 253  0 . 4006 3 1  o . 1 oa o4 1  

= 1 00) . 

4 

0 . 2 7 1 92 0  
0 . 7 5 2043  
0 . 4 1 2 30 8 
o .  
o .  

-0 . 3 2 1 8 0 5  
0 . 6 7 6 1 3 0 
0 . 2 3't 9 93 
o .  
0 . 2 2 8 7 8 2  

- 0 . 0 1 4 1 4 8 
0 . 0 4 8643  

= 1 00) • 

4 

0 . 1 5 64 2 8  
0 . 5 5 0 1 42 
0 . 5 8 0 4 2 6  

-o . 
- o . 

0 . 1 9 8 9 3 4  
C . 7 3 74 9 8  
0 . 4 0 9 4 8 7  

-o . 
0 . 0 2 6 0 2 5 

- C . 0 3 8 7 7 0 
- 0 . 1 8 4 5 0 2  

• 1 00) • 

4 

- 0 . 2 6 7 1 3 4  
0 . 2 6 9 9 5 8  
0 . 3 9 1 6 59 

-o . 

-o . 
- 0 . 1 4 9 6 74 

o . 5 2 3464 
0 . 0 1 1 6 0 3 

-o . 

o • .  0 2 s2 3 a  
- 0 . 2 6 0 0 9 1  
- 0 . 2 86936  

- - --· ----··
-
-· ------



KA XIKUJI LIKELIHOOD FACTO R ILU� RI .1 .  NO . 1 9 . ( N  = 1 00) • 
ROTATED TO FORII WI?H SPEC I FU:D ZERO ELEMENTS . 

. - -
1 
2 

3 

4 

5 
6 
1 
8 

9 
1 0  
1 1  
1 2  

l 

-0 . 0068 2 7  
0 . 0 1 45 0 6  

-- 0 . 79 8 8 64 
-0 . 0 1 96 1 0  

o . 7 7 6 8 2 2  
0 . 7 4 0 3 9 9  
0 . 0 23 3 2 7 
0 . 5 1 5 5 8 9  
0 . 02 5 3 8 1 
0 . 0 5 B 3 6  

-0 . 1 0 74 6 2  
-0 . 1 1 6 2 5 8  

2 

0 . 8 2 H 9 5  
0 . 6 1 57 2 7  

- - O . O B 8 7 4' 
0 . 3 9 19 2 3  
o .  

- 0 . 0 9 il8 8 l 
o . 0 8 i 1 8 9 5  
0 . 0 1 ; ' 9 0 9  
0 . 4 1 � ·6 1 2  
0 .  1 9 ;, 4 1 1  
0 . 0 2 � 0 6 2 
0 . 69 1 8 33 

MAXIMUM LIKELIHOOD FACTOR MATRI X. 
ROTATED TO FO RM WI TH SPECIFIED ZE RO 

l 2 

l 0 . 0 52 2 7 8  0 . 8 4 9 1 5 0  
2 0 . 0 0 3 9 4 9  0 . 7 8 62 04  
3 0 . 8 50 0 8 1 - 0 . 1 4 9 1 6 8 
4 -0 . 0 0 0 9 7 4  0 . 0 3 2 8 1 0  
5 0 . 7 5 0 8 5 2 o .  
6 U . 6 8 9 9 0 1 -0 . 0 2 4 1 7 5  
1 -o . 1 1 3 62  2 - 0 . 0 2 6 7 3 2  
8 0 . 3 1 7 8 90 0 . 1 2 50 0 0  
9 - 0 . 04 5 1 2 7  0 . 4 4 07 5 9  

1 0  -0 . 2 94 4 9 2 0 . 1 69 4 7 9  
1 1  0 . 0 6 3 2 0 5  -0 . 1 6 02 84  
1 2  0 . 0 7 9 2 7 6  0 . 2 � 82 7 1  

----·- ,· � - � ·-· - �· --'-· ·-�-- - -···------· -- ··· - · · 

3 4 

0 . 4 2 3 1 6 1  o .  3 0 7 7 1 3  
- 0 . 3 2 1 8 8 1  0 . 64 2 1 89 
-o.  3 3 1 72 4  0 . 1 09999 

0 . 5 1 8 1 5 3  -o . 

-o .  - a . 
- 0 . 0 1 5 0 2 6  - 0 . 1 7 2 4 2 7  

- 0 . 4 6 94 8 5  0 . 48 5 1 1 7 
- 0 . 3 3 6 49 7  C . 2 2 2 7 8 7  
- o . - a . 

0 . 2 1 5 7 7 6 -0 . 0 6 5 0 4 5  
o . 3 3 3 0 8 2  -0 . 0 3 2 4 6 4  

- 0 . 1 9 9 0 4 4  - 0 . 6 8 2 7 1 5  

NO . 20. ( N  = 1 00) . 
ELEME NT S .  

3 

o .  4 5 3 3 86 

- 0 . 1 0 2 00 1  
- 0 . 0 8 8 06 5 

0 . 7 8 6 9 5 2  
-o .  
-0 . 1 9 5 54 6  
-- 0 . 0 1 2 0 5 6  
- 0 . 2 0 0 0 8 7 
-o . 

0 . 4 0 4 60 7  
0 . 50 1 89 1  

- 0 . 1 2 4 0 0 4  

4 

-0 . 2 46 0 9 7 
0 . 6 0 5 64 9  
0 . 4 96 9 3 6  

-o . 
-o . 

0 . 074 1 3 3 
0 . 7 1 5 1 24 
0 . 3 94 8 7 8  

-o . 
0 . 1 1 60 7 8  
0 . 2 4 8 5 3 3  

- 0 . 1 4 0 8 3 4  

- ------ ------------

- -

I 

;_+_,,_• 

.. ...,...J...ii. 



matrix 

APP ENDIX Co 
Computing procedure for obtaining an oblique transformation 
A (m x m) such that the sum of squares of differences between 

corresponding elements of the transformed factor matrix (F A } and the 
simple structure factor matrix � fp x m} is a minimum. 

A transformation matrix A (m x m) is required such that 
trace ( �  - F l\ ) ' ( ep - F A :! 

is a minimum and 
Diag ( A1 A)  = I . 
Computation is simplified if the factor matrix F is in principal 

axes form (which may be obtained by Thurstone �s method of derived principal 
axes (42)  ) .  Then 

F ' F  

where DX is a diagonal matrix of order m "  

where D 8 

The transformation matrix A satisfies the equation D A + A D = F ' �  
is a diagonal matrix of order m with unknown diagonal elements . 

The following computational procedure may be used to obtain A 
1. Calculate 

G (m x m) = F '  � 
2 .  One column of A is calculated at a time . Obtain initial 
approximations for the elements of the jth column (j = 1 . . . .  m) 
of A from 



(o} 
A " lJ 

C 2 ,  

(i = 1 - . .  m )  

(O J  
Find the position k of  the largest element A kj of this column vector . 

The superscript (n) denotes the number of the iteration . 

3 .  Compute the sum of squares of the elements of the j 
th column of A 

4 .  

(n) s = m 
L 

i=l 

(n) 2 ( A,o , ; 
lJ 

falls within a spee1Eed tolerance limit 9 

iteration is terminated and stEp 9 is carried out , If the tolerance limit 

is exceeded step 5 1s carried out , 

5 .  Compute 

(n) X = 

-Is (n) 
6 .  If n is greater than o r  equal to 2 compute 

If n 

7 ,  

(n) (n- 1)  ( (n) (n= l )) 1 _ 8 (n� l ) y = y  + X - y 

is equal to 0 

y 
(n) = 

Compute 

(n) 
�L = 

or 1 :J.et 

(n) 
X 

- ¥ + 
j 

gk , 

y 
(n; 

(n) (n� l )  s - s 



C3 . 
8 .  Compute the next approximations to the elements of the jth 

column of A (n+l } Aij = (n) 
V • ...!k $ "  
0 1 . J Return to Step 3 and carry out the next iteration , 

9 .  Normalize the vector . (n; A ij  A iJ" = ------� ·  ¥s(n;i (i = 1 . . .  , m )  
Unless the m columns, of A have been obtained 9 return to step 2 

and repeat the procedure for the next ·colu.mn of A , 
When the above procedure was applied to factor matrices of order 

1 2  x 4 and a tolerance limit of . 000001 was used ? a maximum of six iterations 
was required to obtain a column of A . 








